


















If for some odd prime p a power pe divides n with e > 1, then p divides �(n). Since �(n) divides n� 1,
this implies that p divides n� 1. But this can't happen when p divides n. Thus, n is square-free.

If n is just the product n = pq of two di�erent odd primes p; q, then

�(n) = �(pq) = lcm(�(p); �(q)) = lcm(p� 1; q � 1)

And �(n) divides n� 1 = pq � 1, so we obtain

p� 1 j pq � 1

and
q � 1 j pq � 1

We can rearrange a little:
p� 1 divides pq � 1 = (p� 1)q + q � 1

Therefore, p� 1 divides q � 1. Symmetrically, q � 1 divides p� 1. But since p 6= q this is impossible. Thus,
n must be divisible by at least three di�erent primes. |

23.3 Euler (Solovay-Strassen) witnesses

Now we prove the existence of Euler witnesses to the compositeness of non-prime numbers, in contrast
to the fact that Carmichael numbers have no Fermat witnesses to their compositeness. Also we prove that
there are many Euler witnesses for composite numbers, in the sense that at least half the numbers b in the
range 1 < b < n are Euler witnesses to the compositeness of n.

Proposition: An Euler witness to the primality of n is also a Fermat witness to the primality of n. In
the other direction, a Fermat witness to the compositeness of n is an Euler witness to the compositeness.
In other words, a false Euler witness to primality is a false Fermat witness to primality. In particular, if
there were a composite number n with no Euler witnesses to its compositeness, then n would have to be a
Carmichael number.

Proof: What we assert is that if

b(n�1)=2 =

�
b

n

�
2

mod n

for b relatively prime to n, then
bn�1 = 1 mod n

Indeed, squaring both sides of the �rst equation, we get

bn�1 =

�
b

n

�2

2

mod n

Since b is relatively prime to n, the quadratic symbol has value �1, so its square is unavoidably just 1. Thus,
the Euler witness b is certainly a Fermat witness.

So if n were a composite number so that nevertheless for all b relatively prime to n

b(n�1)=2 =

�
b

n

�
2

mod n

then also bn�1 = 1 mod n for all such b, and n is Carmichael. |
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Remark: Thus, we might say

f Euler pseudoprimes g � f Fermat pseudoprimes g

Or, more precisely,

f Euler pseudoprimes base b g � f Fermat pseudoprimes base b g

Now we prove existence of Euler witnesses to compositeness:
Theorem: Existence of Euler witnesses: Assume that n is a positive composite integer. Then there is at
least one integer b in the range 1 < b < n and with gcd(b; n) = 1 so that

b(n�1)=2 6=
�
b

n

�
2

That is, there exists an Euler witness.

Proof: If n is not Carmichael, then there is already a Fermat witness b to the compositeness of n, so b is
certainly an Euler witness.

So consider a Carmichael number n. From above, this implies that n is square-free and odd. So write
n = pm with p prime and p not dividing m. Let bo be a quadratic non-residue mod p, and (by Sun Ze) �nd
b so that b � bo mod p and b � 1 mod m. Then, on one hand,�

b

n

�
2

=

�
b

pm

�
2

=

�
b

p

�
2

�
b

m

�
2

=

�
bo
p

�
2

�
1

m

�
2

= (�1)(+1) = �1

using the de�nition �
b

pm

�
2

=

�
b

p

�
2

�
b

m

�
2

of the Jacobi symbol for composite lower input. On the other hand,

b(n�1)=2 = 1(n�1)=2 = 1 mod m

so already modulo m we have

b(n�1)=2 6=
�

b

pm

�
2

mod m

which surely gives

b(n�1)=2 6=
�

b

pm

�
2

mod pm

Therefore, this b is an Euler witness to the compositeness of n = pm. |
Now, invoking Lagrange's theorem, we can prove that there are \many" Euler witnesses:

Corollary: For composite n, at least half the numbers b in the range 1 < b < n are Euler witnesses to the
compositeness of n.

Proof: The idea is to show that the collection L of false witnesses (but relatively prime to n) is a subgroup
of Z=n�. Since (by the theorem) there is at least one witness, the subgroup of false witnesses is a proper
subgroup. By Lagrange's theorem, the order jLj of L must be a proper divisor of the order '(n) of Z=n�.
Therefore, certainly

jLj � 1

2
'(n) � 1

2
(n� 1)
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So let's prove that the collection L of witnesses to the primality of n is a subgroup of Z=n�. Suppose
that x; y are witnesses to the primality of n. That is,

x(n�1)=2 =
�x
n

�
2
mod n

and
y(n�1)=2 =

� y
n

�
2
mod n

Then
(xy)(n�1)=2 = x(n�1)=2 � y(n�1)=2 =

�x
n

�
2
�
�x
n

�
2
mod n

We know that �x
n

�
2
�
�x
n

�
2
=
�xy
n

�
2

Thus,

(xy)(n�1)=2 = x(n�1)=2 � y(n�1)=2 =
�x
n

�
2
�
�x
n

�
2
=
�xy
n

�
2
mod n

Thus, xy is again a witness to the primality of n.

Next, we check that the (multiplicative) identity 1 in Z=n� is in L. This is silly:

1(n�1)=2 = 1 =

�
1

n

�
2

mod n

Next, we check that the set L of witnesses is closed under taking multiplicative inverses modulo n. Let
x 2 L, and let x�1 denote its inverse modulo n. First, we have

�x
n

�
2
�
�
x�1

n

�
2

=

�
x � x�1
n

�
2

=

�
1

n

�
2

= 1

Thus, �
x�1

n

�
2

�x
n

�
2
= 1

Then, using properties of exponents,

(x�1)(n�1)=2 = (x(n�1)=2)�1 =
�x
n

��1
2

=

�
x�1

n

�
2

mod n

That is, if x is a witness then so is x�1.

Thus, L is closed under multiplication, closed under inverses, and contains the identity, so is a subgroup
of Z=n�. Since we showed that for composite n there is at least one b which is not a (false!) witness to the
primality of n, for composite n the subgroup of (false!) witnesses is a proper subgroup. Thus, as indicated
at the beginning of the proof, by Lagrange's theorem we conclude that at least half of the numbers in the
range 1 < b < n will detect the compositeness of composite n. |

Thus, we are assured that the Solovay-Strassen primality test \works".
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23.4 Strong (Miller-Rabin) witnesses

Now we prove that there are strong witnesses, and that in fact for odd composite n at least 3=4 of
the numbers in the range 1 < b < n are witnesses to the compositeness of n. Thus, the Miller-Rabin test
\works". Along the way, we compare strong pseudoprimes and Euler pseudoprimes.

Let n be a �xed odd integer throughout this discussion, and let n� 1 = 2s �m with m odd. Since n is
odd, s � 1.

Let's review the Miller-Rabin test, using a single auxiliary number b. First, choose a \random" auxiliary
number b from the range 1 < b < n, and compute c = bm. If c = 1 mod n, then stop: b is a strong witness
to the primality of n. If c is not �1 mod n, then start computing successive squares:

c2; c4 = (c2)2; c8 = ((c2)2)2; c2
4

= (c8)2; : : : ; c2
s�1

If for any k < s we obtain c2
k

= �1 mod n, then stop: b is a strong witness to the primality of n. On the

other hand, if for some k we obtain c2
k

= 1 mod n but c2
k�1 6= �1 mod n, then n is de�nitely composite.

And, if no c2
k

= 1, for 0 � k � s, then n is de�nitely composite.

Remark: If no c2
k

= 1, for 0 � k � s, then bn�1 6= 1 mod n, so already n fails the Fermat pseudoprime
base b test.

If auxiliary numbers b1; b2; : : : ; bk are used, and if each is a witness to the primality of n, then we imagine
that n is prime with \probability"

1�
�
1

4

�k

We should verify that a genuine prime is a strong pseudoprime for any base b. That is, we should verify
that a genuine prime will pass any number of rounds of the Miller-Rabin test.

Proposition: Genuine primes are strong pseudoprimes, andpass the Miller-Rabin test. That is: let p > 2
be prime, and p � 1 = 2s � m with m odd. Let b be any integer not divisible by p. Let t be the smallest
non-negative integer so that (bm)2

t

= 1 mod p. Then either t = 0, or

(bm)2
t�1

= �1 mod p

Proof: Since p is prime, Z=p is a �eld, and by the Fundamental Theorem of Algebra, the equation x2� 1 = 0
has number of roots at most equal to its degree. Thus, �1�mod�p are the only elements of Z=p whose square
is 1�mod�p. Thus, if (bm)2t = 1 mod p but (bm)2

t 6= 1 mod p, the only possibility is that (bm)2
t

= �1 mod p.
Thus, the genuine prime p would pass every such test. |

Now we have a simple argument to show that the Miller-Rabin test is at least as discriminating as the
Fermat test. This fact is also a corollary of the fact (already proven) that Euler witnesses are Fermat wit-
nesses, together with the fact (proven below) that strong witnesses are Euler witnesses. But this proposition
itself has a much simpler proof:

Proposition: A strong witness to the primality of n is also a Fermat witness.

Proof: Let b the random number chosen, and let c = bm. First suppose that c = 1. Then

bn�1 = bm�2
s

= c2
s

= 12
s

= 1 mod n

so b is a Fermat witness. Or, if

c2
t

= �1 mod n
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with t < s, then

bn�1 = bm�2
s

= c2
s

= (c2
t

)2
s�t

= (�1)2s�t = 1 mod n

So again in this case b is a Fermat witness. |
Before proving that strong witnesses are Euler witnesses, we need some notation, and a preliminary

computation: for positive integer N and an integer k, let

ordNk = order of k in the multiplicative group Z=N�

Lemma: For integer k and an odd prime p (not dividing k),

ordpek=ordp = non-negative power of p

Proof: We use the fact that Z=pe� is a cyclic group, that is, that there is a primitive root g. Let ` be a
positive integer so that g` = k. From the discussion of cyclic groups and cyclic subgroups,

ordpe k = '(pe)=gcd(`; '(pe))

ordp k = '(p)=gcd(`; '(p))

Since p� 1 and pe�1 are relatively prime,

gcd(`; '(pe)) = gcd(`; (p� 1)pe�1) = gcd(`; p� 1) � gcd(`; pe�1)

Thus,

ordpek=ordp =
'(pe)=gcd(`; '(pe))

'(p)=gcd(`; '(p))
=

(p� 1)pe�1 � gcd(`; '(p))
(p� 1) � gcd(`; '(pe))

=
pe�1

gcd(`; pe�1))

This proves the assertion. |
Theorem: A strong witness to the primality of n is also an Euler witness.

Proof: First, if n is prime then it will pass any number of rounds of either Solovay-Strassen or Miller-Rabin
tests.

So consider composite odd n. Let b the random number chosen, and let c = bm. Let the prime
factorization of n be

n = pe11 : : : peNN

let b be a strong witness for n, and put c = bd. The hypothesis that b is a strong witness for n is that either

(i) c = 1 mod n

or
(ii) c2

t

= �1 mod n for some 1 � t < s

Since c2
t

= �1 mod pe for each prime power pe dividing n,

ordpe c = 2t+1

and, therefore,
ordpe b = 2t+1 � (odd)

(In the case that c = 1, these orders are odd, and 20 divides them, etc.)
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By the lemma, also

ordp b = 2t+1 � (odd)

since the only thing that might change is the power of p occurring.

Let 2ti be the exact power of 2 dividing pi � 1. Thus,

t+ 1 � ki for all i

Let gi be a primitive root mod pi, and write b = g`ii with `ijpi�1. Then (from discussion of cyclic subgroups)

ordpi b =
pi � 1

`i

Thus, for a given index i, if t + 1 < ki, then b is a square mod pi. It is only for t + 1 = ki that b is a
non-square mod pi.

Let M be the number of indices i so that b is a non-square mod pi, and so that t+ 1 = ki. Then�
b

n

�
2

=

�
b

p1

�e1
2

: : :

�
b

pN

�eN
2

= (�1)M

On the other hand, since 2t+1jpi � 1 for each index i, write

pi = 1 + 2t+1xi

for some odd number xi. Then

p2i = 1 + 2 � 2t+1xi + 22t+2x2 = 1mod2t+2

Thus, modulo 2t+2, all the prime powers in n with exponent 2 or higher are just 1. And, modulo 2t+2,

pi = 1 + 2t+1 � (odd) � 1 + 2t+1 mod 2t+2

Thus, the prime powers occurring in n with exponent just 1 contribute factors of 1 + 2t+1 modulo 2t+2.
Therefore, modulo 2t+2,

n = pe11 : : : peNN = (1 + 2t+1)M mod 2t+2

= 1 +

�
M

1

�
2t+1 +

�
M

2

�
22t+2 +

�
M

3

�
23t+3 + : : : = 1 +M � 2t+1 mod 2t+2

Thus, depending upon whether M is odd or even:

n = 1 +M � 2t+1 = 1 + 2t+1 mod 2t+2 (for M odd)

n = 1 +M � 2t+1 = 1 mod 2t+2 (for M even)

Therefore, in the case that M is odd, the power of 2 dividing n� 1 is exactly 2t+1. That is, s = t+ 1.
Therefore,

b(n�1)=2 = bm�2
s�1

= c2
s�1

= c2
t

= �1 mod n
So for M odd, we have

b(n�1)=2 = �1 =
�
b

n

�
2

145



And, therefore, in the case that M is even, the power of 2 dividing n � 1 is at least 2t+2. That is,
s � t+ 2. Therefore,

b(n�1)=2 = bm�2
s�1

= c2
s�1

= (c2
t

)2
s�1�2t = (�1)2s�1�2t = 1 mod n

So once again we have

b(n�1)=2 = 1 =

�
b

n

�
2

This completes the proof that strong witnesses are Euler witnesses. |
Theorem: If an odd integer n is composite, then at least 3=4 of the integers b in the range 1 < b < n are
strong (Miller-Rabin) witnesses to the compositeness of n.

Proof: Let k be the largest non-negative integer so that there is at least one b with b2
k

= �1 mod n. Since
(�1)20 = �1, there exists such k.
Lemma: n = 1 mod 2k+1

Proof: (of lemma) With b2
k

= �1 mod n, certainly b2k+1

= 1 mod n. Thus, njb2k+1 � 1. Thus, by Fermat's

observation, for any prime p dividing n, either pjb2` � 1 for some ` < k + 1, or p = 1 mod 2k+1. Since by

hypothesis b2
k

= �1 mod n and b2
r

is neither 1 mod n nor �1 mod n for r < k, it cannot be that pjb2` � 1
for some ` < k + 1. Thus, for any prime p dividing n we have p = 1 mod 2k+1. Multiplying any number of
such primes together gives a product n which must also be 1 mod 2k+1. |

Now return to the proof of the theorem. Let ` = 2k �m, with n� 1 = 2s �m and m odd, as above. By
the lemma, 2`jn� 1. De�ne subgroups of G = Z=n�:

H = fg 2 G : an�1 = 1 mod ng
I = fg 2 G : g` = �1 mod peii for all ig
J = fg 2 G : g` = �1 mod ng � f strong liars g
K = fg 2 G : a` = 1 mod ng

It is not so hard to check that we have inclusions

G � H � I � J � K

(It is very easy to check, from the de�nition of subgroup, that all these are subgroups of G.)

Lemma: The strong liars (false witnesses to the primality of n) all lie in J .

Proof: (of Lemma) First, if bm = 1 mod n, then surely b` = 1 mod n, since mj`. On the other hand, if

bm�2
t

= �1 mod n

for some t < s, then t � k by the de�nition of k. Thus,

b` = bm�2
k

= (bm�2
t

)2
k�t

= (�1)2k�t mod n

Thus, indeed, any strong liar is in J . |
Next, except for the special case n = 9 which is easy to dispatch directly, we'll show that

[G : J ] � 4
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Since the strong liars are contained in J , this will show that

number of witnesses to compositeness of n � (n� 1)� 1

4
'(n) � (n� 1)� 1

4
(n� 1) =

3

4
(n� 1)

as desired.

Let
f : G! G

be the map
f(g) = g`

Since G is abelian, this is a group homomorphism.

Lemma: Let
S = fa 2 G : a = �1 mod peii for all indices ig

Every element of S is a (2k)th power of some element in G. Therefore, every element of S is an `th power of
some element in G. That is, the group homomorphism f : G! S is a surjection.

Proof: (of Lemma) Let x be an integer so that x = b mod peii or x = b2 mod peii , with possibly di�erent choices

for di�erent primes pi, where b is the special element as above. Then x
2k = +1 mod peii if x = b2 mod peii ,

and x2
k

= �1 mod peii if x = b mod peii . This proves the �rst assertion of the lemma.

Since m is odd, both �1 mod peii are mth powers of themselves. Thus, if

g2
k

= h

with h 2 S then
g` = g2

k�m = hm = h mod peii

for all indices i. This proves that f is surjective. |
We want to claim that K has index 2N in I . We can get this as a corollary of a lemma that applies

much more generally to groups:

Lemma: Let h : X ! Y be a group homomorphism, with �nite groups X;Y . Let Z, W be subgroups of Y ,
with Z �W , and suppose that Z is contained in the image f(X) of f . Put

h�1(Z) = fg 2 G : h(g) 2 Zg

h�1(W ) = fg 2 G : h(g) 2 Wg
Then we have a formula regarding indices:

[Z :W ] = [h�1(Z) : h�1(W )]

Proof: Let V be the kernel of the homomorphism h : X ! Y . We will prove that

jh�1(Z)j = jV j � jZj

and, similarly,
jh�1(W )j = jV j � jW j

As soon as we know that these equalities hold, then

[Z :W ] =
jZj
jW j =

jV j � jZj
jV j � jW j =

jh�1(Z)j
jh�1(W )j = [h�1(Z) : h�1(W )]
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The inverse image h�1(Z) of Z is the disjoint union of the inverse images

h�1(z) = fx 2 X : h(x) = zg

of elements z 2 Z. If we can prove that

number of elements in h�1(z) = jV j

then it will follow that

jh�1(Z)j = sum of cardinalities of sets h�1(z) for z in Z

= jZj � jV j
since there are jZj di�erent sets h�1(z) and we anticipate that each one has cardinality jV j.

Thus, the problem is reduced to showing that

number of elements in h�1(z) = jV j

for any z 2 Z. To do this, let's make a bijection

b : V ! h�1(z)

This would prove that the sets have the same number of elements, without directly counting. Since z is in
the image of h, we can �nd at least one xo 2 X so that h(xo) = z. With this in hand, let's try

b(v) = v � xo
First we have to check that this really maps from V to h�1(z). That is, we must check that

h(b(v)) = z for all v 2 V

Indeed,
h(b(v)) = h(v � xo) = h(v) � h(xo) = eY � z = z

since v is in the kernel V of h. Next, let's check that b is injective: suppose that b(v) = b(v0) for v; v0 2 V .
That is, we assume that

v � xo = v0 � xo
By right multiplying by x�1o and simplifying, we get v = v0, so b is indeed injective. Last, check surjectivity:
given q 2 h�1(z), �nd v 2 V so that q = b(v). Let's check that q � x�1o 2 V hits q:

h(q � x�1o ) = h(q) � h(x�1o ) = z � h(xo)�1 = z � z�1 = eZ

This �nishes the proof that b : V ! h�1(z) is a bijection, proving that the number of elements in h�1(z)
is equal to jV j. Thus, this �nishes the proof of the Lemma. |
Corollary: We have

[I : K] = [f�1(S) : f�1(feg)] = [S : feg] = 2N

Proof: From the de�nition of f as f(g) = g`,

K = f�1(feg)

And another lemma above proved that
I = f�1(S)
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By the previous lemma,
[f�1(S) : f�1(feg)] = [S : feg]

which is the same thing as jSj. Since S consists of choices of �1 for each of the N di�erent primes pi dividing
n, jSj = 2N . This proves the corollary. |

Using the last lemma again, we also have:

Corollary: Let P = f�1 mod ng, and E = feGg. We have

[J : K] = [f�1(P ) : f�1(E)] = [P : E] = 2

Now we are in the situation that I � J � K and [I : K] = 2N and [J : K] = 2. In the original discussion
of group indices, we proved the multiplicative property

[I : J ] � [J : K] = [I : K]

Thus,
[I : J ] = [I : K]=[J : K] = 2N�1

Since also [G : J ] = [G : I ] � [I : J ], surely

[G : J ] � [I : J ] = 2N�1

Since the strong (Miller-Rabin) liars are all contained in J , we see that

number of liars

jGj � 1

2N�1

If the number N of distinct prime factors of n is at least 3, then we have

number of liars

jGj � 1

4

If the number N of distinct prime factors is 2, then we know by now that n cannot be a Carmichael
number. That is, the group denoted H above is a proper subgroup of G = Z=n�. That is, by Lagrange's
theorem, [G : H ] � 2. Then from the multiplicative property of subgroup indices (applied repeatedly) we
have in this case

[G : J ] = [G : H ] � [H : I ] � [I : J ] � [G : H ] � [I : J ] � 2 � 21 = 4

Thus, also in this case, we conclude that the liars make up less than 1=4 of all the elements of G.

Finally, suppose that n = pe, a power of a single prime p. (This is the case N = 1.) In this case we
know from the existence of primitive roots that Z=pe� is cyclic. The group H in this case becomes

H = fg 2 Z=pe� : gp
e�1 = 1 mod peg

From our discussion of cyclic groups, to determine jJ j we can use the isomorphism of the multiplicative group
Z=pe� with the additive group Z='(pe). Converting to additive notation, we want to know the number of
solutions x to the equation

(pe � 1) � x = 0 mod '(pe)

This is
(pe � 1) � x = 0 mod (p� 1)pe�1
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We have solved such congruences before: taking out the common factor, this is equivalent to

pe � 1

p� 1
� x = 0 mod pe�1

Now the coe�cient of x is relatively prime to the modulus, so has a multiplicative inverse, and this is
equivalent to

x = 0 mod pe�1

Since x is an integer modulo pe, we see that we get exactly p� 1 di�erent solutions mod '(pe).

Thus,

[G : J ] = [G : H ] � [H : J ] � [G : H ] =
'(pe)

p� 1
= pe�1

Except for the case p = 3 and e = 2 we obtain the necessary [G : J ] � 4. From this we conclude again in
this case that at most 1=4 of the possible candidates are liars.

The remaining special case of n = 9 can be treated directly: there are just two strong liars, �1, and
2=(9� 1) = 1=4.

At long last, this �nishes the proof of the theorem, demonstrating that the Miller-Rabin test works. |
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24. More on groups

� Cauchy's Theorem

� Normal subgroups, quotient groups

� Isomorphism Theorems

� Automorphisms of groups

� Sylow's theorem

� Product groups and direct sum groups

� Finite abelian groups

24.1 Cauchy's Theorem

When we go from the most special groups, cyclic ones, to the general case where we assume nothing
but that the groups in question are �nite, our expectations must be more modest.

The results here would seem disappointingly weak if we were unacquainted with the otherwise grueling
task of trying to �nd all the subgroups of a given group. In that context, Lagrange's Theorem gives a very
strong limitation on the possible orders of subgroups. The new result, Cauchy's Theorem, gives a little
bit in the other direction.

� (Lagrange): Let G be a �nite group. Then the order of any subgroup H of G divides the order of G.
The order of any element divides the order of the group.

� (Cauchy): Let G be a �nite group, and let p be a prime dividing the order of G. Then there is a
subgroup of G of order p.

� Caution: It is not generally true that for every divisor of the order of a �nite group there is a subgroup
of that order. And even if there is one, there may be more than one, so uniqueness fails in general, too.

There are some crucial corollaries of Lagrange's theorem to remember:

� A group of prime order is cyclic.

� A group of order p2 for some prime p is abelian.

24.2 Normal subgroups, quotient groups

In this section we pick out a very important property that a subgroup may or may not have, and then
look at another construction of new groups from old.

First, there is an important bit of notation: for a subgroup H of a group G, and for g 2 G, we write

gHg�1 = fghg�1 : h 2 Hg
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A subgroup N of a group G is normal or invariant if it has the property that

gNg�1 � N

for every g 2 G.

� The kernel N of a group homomorphism f : G! H is a normal subgroup of G.

Proof: Let g 2 G and take n 2 N . Then

f(gng�1) = f(g)f(n)f(g�1) = f(g)ef(g)�1 = e

using the de�nition of what a homomorphism is, since we know that f(g�1) = f(g)�1. Thus, gng�1 is also
in the kernel. That is, we have shown that gNg�1 � N , as required by the de�nition of `normality'. Done.

Now we can de�ne a quotient group, written G=N , for a normal subgroup N of G. First, the set of
element of G=N is the set of cosets gN of N . The group law is

g1H ? g2H = (g1g2)H

The identity eG=N in the quotient is the `trivial coset' H = eH of H . And the inverse of gH is g�1H . (Of
course, the assertions that these things are as claimed need proof!)

This new entity, the \quotient group" G=N can also be described as a collection of equivalence classes,
as follows. For a subgroup N of a group G, de�ne a relation � by

x � y if and only if xN = yN

Before proving that th de�nition really makes G=N a group, one might ask: Why do we need N to be
normal? The answer lies inside the proof that we really have a group: if N is not normal then we are unable
to de�ne a reasonable group operation on G=N !

Proof that G=N is a group: We grant ourselves the little exercise that if N is normal then for any g 2 G
we have

gN = Ng

Let's check �rst that N = eN is the identity in G:

(eN) ? (gN) = (eg)N = gN

(And we'd already seen that we only need to check multiplication on one side only in order to verify that an
element is the identity).

Next,
(gN)(g�1N) = (gg�1)N = eN = N

so g�1N is indeed the inverse of gN . So there are inverses.

Associativity follows from the associativity in the group G.

A subtler issue, and one upon which the sensibility of this whole discussion depends, iswell-de�nedness:
this is an issue that does not come up in more elementary situations, or at least can be easily hidden there.
The issue is perhaps a surprising one: if sH = tH , does it follow that

(gN) � (sN) = (gN) � (tN) ?
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It surely would be awful if this didn't work! Well, the thing is to relate this `made-up' group operation to
tangible operations, and use the normality:

(gN) � (hN) = (gh)N = (gh)NN = g(hN)N = g(Nh)N (using normality!)

= (gN)(hN)

That is, the group operation is really the `subset multiplication' inside G, if we can safely assume that the
subgroup is normal. This gives the well-de�nedness, since the multiplication

(gN) � (hN) = (gN)(hN)

is now really de�ned in terms of the cosets gN and hN , and not just in terms of the elements g; h used to
name them. Thus, with sN = tN ,

(gN) � (sN) = (gN)(sN) (by previous discussion)

= (gN)(tN) (since we suppose that sN = tN)

(gN) � (tN) (by previous discussion)

This is what well-de�nedness involves. We are done with the proof.

So the normality of the subgroup is essential to know that the `group operation' on the quotient really is
any kind of operation at all (that is, is well-de�ned)!.

The simplest and one of the most important examples of a quotient group is Z=n. In this case the group
is G = Z, of course, and the normal subgroup is

N = nZ = fnx : x 2 Zg = multiples of n

Recall that all along we have talked in a funny way about the `entities' in Z=n being integers-mod-n
rather than simply integers. This was to avoid confrontation about integers-mod-n `really' being cosets,
although that's exactly what we were doing all along. Indeed, using additive notation, really

x-mod-n = x+ nZ

The fact that N = nZ is normal is a very special case of the fact that any subgroup of an abelian group
is normal.

At the very outset of the discussion of Z-mod-n, there was the issue of checking that if

x-mod-n = x0-mod-n and y-mod-n = y0-mod-n

then
(xy)-mod-n = (x0y0)-mod-n and (x+ y)-mod-n = (x0 + y0)-mod-n

This is the same issue of well-de�nedness that arose in veri�cation that the operation in a quotient group
really works right.

To prove well-de�nedness usually amounts to showing that the de�nition of something does not depend
excessively on the notation, but really only on the underlying thing.
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24.3 Isomorphism Theorems

The spirit of the result here is that some things which seemed di�erent are really the same. This is
good.

Theorem: (Isomorphism Theorem(s))

� Let f : G! H be a surjective group homomorphism. Let N be the kernel of f . Then the map

f : G=N ! H

de�ned by
f(gN) = f(g)

is well-de�ned and gives an isomorphism from G=N to H .

� Let N;H be subgroups of a group G, with N normal. Suppose that N � H = G. Then we have an
isomorphism

f : H=(H \N)! G=N

given by
f(h(H \N)) = hN

Proof: First we have to prove the well-de�nedness of �f . That is, we must show that if gN = g0N then
�f(g) = �f(g0) (for g; g0 2 G). Again, the point is that the notation \gN" for a coset should not matter,
but only the actual coset itself. If gN = g0N , then (by left multiplying by g�1) we get N = g�1g0N . In
particular, this says that N 3 g�1g0. Thus, f(g�1g0) = eH . Using the group homomorphism property, this
gives f(g�1)f(g0) = eH . By now we know that homomorphisms preserve inverses, so f(g)�1f(g0) = eH ,
from which we obtain f(g0) = f(g) by left multiplication by f(g). This proves the well-de�nedness of �f .

Next we prove that �f is a group homomorphism. For g; g0 2 G we have

�f(gN � g0N) = �f(gg0 �N) = f(gg0) = f(g) � f(g0) = �f(gN) � �f(g0N)

which is the desired property.

Next prove surjectivity of �f . Let h 2 H . Since f is surjective, there is g 2 G so that f(g) = h. Then
�f(gN) = f(g) = h, so �f is also surjective.

Next, injectivity: Suppose that �f(gN) = �f(g0N). Then by the de�nition of f this gives f(g) = f(g0).
That is, left multiplying by f(g)�1, eH = f(g)�1 � f(g0). Since group homomorphisms respect inverses,
this gives eH = f(g�1g0). Therefore, g�1g0 2 N , since N is the kernel of f . Then gN = g0N (reversing
an argument given just above!) This is the desired injectivity. And this proves the �rst assertion of the
Theorem.

Now consider the second part of the theorem. We must prove well-de�nedness, the homomorphism
property, and injectivity and surjectivity.

First we prove well-de�nedness. That is, suppose that h; h0 2 H , and that h(H \N) = h0(H \N), and
prove that hN = h0N . In particular, we have h0 2 h(H \N). That is, there is m 2 H \N so that h0 = hm.
Then

h0N = (hm)N = h(mN) = hN

This proves well-de�nedness.

To see the homomorphism property:

f(h(H \N) � h0(H \N)) = f(hh0 � (H \N)) = hh0 �N
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= (hN) � (h0N) = f(h(H \N)) � f(h0(H \N))

which is the desired property.

For surjectivity, we use the hypothesis that for every g 2 G there is h 2 H and n 2 N so that g = hn.
Then gN = (hn)N = hN . That is, f(h(H \N)) = gN . This is surjectivity.

For injectivity, suppose hN = h0N . Then h0 2 hN , and (left multiplying by h�1 we have h�1h0 2 N .
But also since H is a group it must be that h�1h0 2 H . Therefore, h�1h0 2 (H \N). Thus, going back in
the other direction,

h0 � (H \N) = h � (H \N)

as desired. This �nishes the proof of the theorem. Done.

24.4 Automorphisms of groups

This section has some importance in its own right, and also can be viewed as an example of how groups
occur naturally.

An automorphism of a group G is a group isomorphism

f : G! G

of G to itself. The identity automorphism or trivial automorphism is the isomorphism i : G ! G so
that i(g) = g for all g 2 G. Any group has this kind of automorphism.

And if f is an automorphism of G, then the inverse function f�1 can also be checked to be an isomor-
phism. And the composite of two isomorphisms can be checked to be an isomorphism. Therefore, the set of
all automorphisms of a group G is itself a group, denoted

Aut(G) = f all automorphisms of G g

In general, it is very hard to �gure out what the automorphism group of a given group is. However, in
one happy case the answer is very easy and clear:

All automorphisms of Z=N are of the form

fy(x) = y � x

where y 2 Z=N�. Thus, with this notation, the map

y ! fy

gives an isomorphism of Z=N� to the automorphism group Aut(Z=N) of Z=N .

Since any �nite cyclic group is isomorphic to Z=N for some N , this result tells the automorphism group
of any �nite cyclic group.

There are just two automorphisms of Z: the trivial automorphism and the automorphism x! �x. This
also describes the automorphism group of in�nite cyclic groups, since every in�nite cyclic group is isomorphic
to Z.
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24.5 Sylow's theorem

Beyond Lagrange's theorem and Cauchy's theorem, the most basic result for beginning to try to see
`what groups there are' is Sylow's Theorem. If we take the view that Cauchy's theorem is an assertion of
existence of subgroups, then we should view Sylow's theorem as a great improvement upon Cauchy's. In
particular, it is strong enough so that we can classify up to isomorphism all groups of certain small sizes,
simply by using divisibility arguments, as we'll see after the statement of the theorem.

Let G be a �nite group of order N . Fix a prime number p and let pn be the largest power of p dividing
the order of G. A Sylow p-subgroup of G is a subgroup of order pn (if there is one). By Lagrange's
theorem, these are the largest p-power-order subgroups possible in G.

� For every prime p dividing jGj, a �nite group G has Sylow p-subgroups.

� The number of Sylow p-subgroups is congruent to 1 modulo p.

Example: Let's show that any group of order 15 is cyclic. If there is an element g of order 15, then
necessarily hgi, and we're done. Suppose then that there is no element of order 15 (and hope to get a
contradiction). Then we count the number of elements in the whole group in two di�erent ways. First, of
course, the total number is 15. On the other hand, we can count how many elements there are of each
possible order. By Lagrange's theorem, the only possible orders of elements are 1; 3; 5; 15. There is just one
element of order 1, the identity. By assumption, there is no element of order 15. There are 3 � 1 elements
of order 3 in a subgroup of order 3, and similarly 5� 1 elements of order 5 in a subgroup of order 5.

By Sylow's theorem we know that there are non-negative integers x; y so that

3x+ 1 = number of subgroups of order 3

5y + 1 = number of subgroups of order 5

But we must pay attention to possible overlap of these subgroups in order to have a correct counting. If
P;Q are two di�erent subgroups, of orders either 3 or 5, then the order of the intersection is a proper divisor
of both numbers (by Lagrange), so must be just 1. That means that

number of elements of order 3 = (3� 1) � number of subgroups of order 3

= 2 � (3x+ 1)

number of elements of order 5 = (5� 1) � number of subgroups of order 5
= 4 � (5x+ 1)

Comparing the two counts (under the hypothesis, remember, that there are no elements of order 15)
gives

15 = 1 + 2(3x+ 1) + 4(5y + 1)

Simplifying, this is
4 = 3x+ 10y

with x; y non-negative integers. But this is impossible. Thus, it is impossible that there be no element of
order 15, so it is impossible that a group of order 15 not be cyclic.

There are further parts to Sylow's theorem. One part which is useful for dealing with groups which
have orders which are powers of p is

� The center of a Sylow p-subgroup is non-trivial, that is, is strictly larger than the trivial subgroup feg.
Example/Corollary: Let p be a prime. Using this last part of the Sylow theorem, one can prove
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� Every group G of order p2 is abelian.

There is yet more to Sylow's theorem: Let H be a subgroup of G. Use notation that for any �xed g 2 G

gHg�1 = fghg�1 : h 2 Hg

The element ghg�1 is the conjugate of h by g. Two subgroups H;K of G are conjugate (to each other)
if there is some g 2 G so that

gHg�1 = K

We would say that K is the conjugate of H by g.

� Any two Sylow p-subgroups are conjugate in G.

� Every subgroup H of G with jH j a power of p lies inside some Sylow p-subgroup.

24.6 Product groups and direct sum groups

We are acquainted with some simple sorts of groups, such as Z=N (with addition modulo N), and now
we describe a process to assemble such `atoms' into larger groups.

Let G;H be two groups. The product group

G�H

is de�ned to be the set of ordered pairs (g; h) (with g 2 G; h 2 H) with component-wise group operation:

(g1; h1)(g2; h2) = (g1g2; h1h2)

Thus, this product group is just the Cartesian product (set) of the two sets, with the component-wise group
operation.

This can be generalized a little. Let G1; : : : ; Gn be groups. The product group

G1 � : : :�Gn

is de�ned to be the set of ordered n-tuples (g1; : : : ; gn) (with gi 2 Gi) with component-wise group
operation:

(g1; : : : ; gn)(g
0
1; : : : ;

0 gn) = (g1g
0
1; : : : ; gng

0
n)

Yes, this does resemble notation for vectors. In fact, the direct sum

R� : : :�R (n copies)

is exactly the usual Euclidean n-space, except that we've overlooked scalar multiplication.

Similarly,
Z� : : :� Z (n copies)

can reasonably be viewed as the collection of n-dimensional integer vectors.

Sometimes, especially when the groups involved in a product are abelian, a product of groups is written
in a di�erent way, and is called a direct sum: for �abelian groups G1; : : : ; Gn we would write

G1 � : : :�Gn = G1 � : : :�Gn
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Not only can we make bigger groups from smaller by this procedure, in some cases we can go in the
other direction and express a big group as a product, thereby `explaining' it structure. The fundamental
example of this is in the next section.

24.7 Finite abelian groups

Having seen a little example of how Sylow's theorem (which applies to all �nite groups) can be used to
examine the possibilities for groups of a given order, let's add an important hypothesis, that of abelian-ness.

As it happens, the class of �nite abelian groups can be described completely in terms of elementary
divisibility and the groups Z=N , as follows.

� Given a �nite abelian group G, there is a uniquely-determined integer m > 0 and uniquely-determined
sequence of numbers d1; d2; : : : ; dm with the divisibility property

d1jd2jd3j : : : jdm

and so that
G � Z=d1 � Z=d2 � Z=d3 � : : :� Z=dn

The positive integers d1; d2; : : : ; dm occurring in such an expression for a �nite abelian group are the
elementary divisors of the group.

Thus, every �nite abelian group can be `decomposed' or `broken up' into simpler pieces, each of which
is one of the relatively elementary groups Z=N .

This reduces classi�cation of all �nite abelian groups of a given order to yet another question in elemen-
tary arithmetic.

For example, let's �nd all the abelian groups of order 12. We must �nd a sequence of integers, each
dividing the next, whose product is 12. In this simple example we can `see' the possibilities for the elementary
divisors: the only possibilities are

Z=2� Z=6

and
Z=12

Let's �nd all abelian groups of order 48. This is still easy to do without a systematic approach:

Z=48

Z=2� Z=24

Z=4� Z=12

Z=2� Z=2� Z=12

Z=2� Z=2� Z=2� Z=6

#24.182 Let p be a prime. Suppose that a group G has p elements. Prove that G is cyclic.

#24.183 Suppose that a �nite group G has no subgroups but feg and G. Show G is cyclic.
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#24.184 Let G be a group of order n. Show that for all g 2 G we have gn = e.

#24.185 Let m;n be relatively prime. Let H;K be subgroups of a group G where jH j = m and jKj = n.
Show that H \K = feg.
#24.186 Fix a prime p. Suppose all proper subgroups of a �nite group G have orders powers of p. Prove
that jGj is a power of p.

#24.187 Let p; q be distinct primes. Show that any abelian group of order pq has an element of order pq,
so is cyclic.

#24.188 Let N be a normal subgroup of group G, and show that not only is it that gNg�1 � N , but in
fact gNg�1 = N .

#24.189 Show that a subgroup N of a group G is normal if and only if gN = Ng for all g 2 G.
#24.190 Show that in an abelian group every subgroup is normal.

#24.191 Show that for any subgroup H of a group G (with H not necessarily normal in G), the relation
de�ned by

x � y if and only if xH = yH

is an equivalence relation.

#24.192 Show that a homomorphism f : G ! H is injective if and only if its kernel is trivial, that
is, if and only if its kernel is the trivial subgroup feg of G. (Hint: On one hand, if f(g) = f(g0) then
eH = f(g)�1f(g0) = f(g�1g0) so g�1g0 is in the kernel. If g 6= g0 then this gives a non-trivial (not equal to
eG) element of the kernel. On the other hand, reversing this argument you can show that if the kernel is
trivial (is just feGg) then f(g) = f(g0) implies that g = g0).

#24.193 Let f : G! H and g : G! K be two group homomorphisms. Let

F : G! H �K

be de�ned by
F (x) = (f(x); g(x))

Show that
kerF = ker f \ ker g

#24.194 Let m;n be relatively prime positive integers. Let

f : Z=mn! Z=m

be de�ned by
f(x�mod�mn) = x mod m

and also de�ne
g : Z=mn! Z=n

by
g(x�mod�mn) = x mod n

Then also de�ne
F : Z=mn! Z=m� Z=n

by
f(x�mod�mn) = (f(x); g(x))
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First show that the intersection of the kernels of f and of g is trivial. From this conclude that the kernel of F
is trivial, so that F is injective. Then, by counting, deduce that F is also surjective, so is an isomorphism).

#24.195 Let N be a normal subgroup of a group G. Let f : G ! H be a group homomorphism whose
kernel contains N . Show that the map

f : G=N ! H

de�ned by
f(gN) = f(g)

is well-de�ned and is a group homomorphism. (Hint: To prove well-de�nedness usually amounts to showing
that the de�nition of something does not depend excessively on the notation, but really only on the underlying
thing).

#24.196 Let G be a cyclic group of (�nite) order N , with generator g. Show that G is isomorphic to Z=N ,
by showing that the map f : G! Z=N de�ned by f(gn) = n-mod-N is such an isomorphism.

#24.197 Let G be a cyclic group of in�nite order, with generator g. Show that G is isomorphic to Z, by
showing that the map f : G! Z de�ned by f(gn) = n is such an isomorphism.

#24.198 Let f1 : G! H1 and f2 : G! H2 be group homomorphisms. De�ne

f : G! H1 �H1

by
f(g) = (f1(g); f2(g))

Show that this f is a group homomorphism.

#24.199 Let m;n be relatively prime positive integers. De�ne

f : Z=mn! Z=m� Z=n

by (using additive notation)
f(x+mnZ) = (x+mZ; x+ nZ)

Show that this is an isomorphism. (Hint: In e�ect, this says that a system of congruences

x � a mod m x � b mod n

can always be solved for x for any a; b, and that the solution x is uniquely determined modulo mn. Use the
fact that there are integers s; t so that sm+ tn = 1. Try x = bsm+ atn?)

#24.200 Find an integer x so that x � 2 mod 10 and x � 7 mod 11. Then �nd a di�erent integer x0 with
the same property.

#24.201 Fix an element go of a group G. Show that both maps L;R de�ned by

L(g) = gog R(g) = ggo

are bijections of G to itself.

#24.202 Let x; y be �xed elements in a group G. Fix a subset S of G, and let T = xSy. Show that the
map

f(g) = xgy

(which is de�ned on all of G) does indeed map S to T , and gives a bijection from S to T . (Compare to the
previous exercise!)
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#24.203 Fix a subgroup H of a group G and �x g 2 G. Show that the conjugate gHg�1 of H by g is a
subgroup. (And observe that the previous exercise shows that gHg�1 has the same order as does H).

#24.204 Show that a group homomorphism f : G ! H is injective if and only if its kernel is `trivial',
meaning that ker f = feg.
#24.205 Let G be a group. For h 2 G de�ne fh : G ! G by fh(g) = hgh�1. Prove that fh is an
automorphism of G. (Such automorphisms are called inner automorphisms).

#24.206 Let G be an abelian group. Prove that f(g) = g�1 is an automorphism of G.

#24.207 Let g be a generator for a cyclic group G. Let f : G ! G be an automorphism of G. Show that
f(g) is also a generator of G. (Hint: Automorphisms are bijections, so every element in G can be written as
f(h) for some h 2 G. So to prove hf(g)i = G it su�ces to prove that for each h 2 G there is ` 2 Z so that
f(g)` = f(h).)

#24.208 Grant that automorphisms send generators to generators. Prove that all automorphisms of Z=N
are of the form

f(x mod N) = rx mod N

for some r 2 Z=N�. (Hint: we know all possible generators of Z=N).

#24.209 Grant that automorphisms send generators to generators. Prove that there are exactly 2 auto-
morphisms of Z: the identity map and the map f(x) = �x.
#24.210 Show that every group of order 33 is cyclic. (Hint: Use Sylow's theorem).

#24.211 Show that every group of order 85 is cyclic. (Hint: Use Sylow's theorem).

#24.212 Using the Sylow Theorem, show that in a group of order pq with two primes p; q and p < q, there
is only one subgroup of order q (by a counting argument).

#24.213 Granting that in a group of order pq with two primes p; q and p < q, there is only one subgroup
of order q, show that this subgroup is necessarily normal.

#24.214 Show that the order of a product group G�H is the product jGj � jH j of the orders jGj; jH j of
the two groups.

#24.215 Find all abelian groups of order 12.

#24.216 Find all abelian groups of order 125.

#24.217 Find all abelian groups of order 127.

#24.218 Find all abelian groups of order 64.

#24.219 Find all abelian groups of order 22 � 32 � 52.
#24.220 Find all abelian groups of order 22 � 32 � 53.

161



25. Finite �elds

While we are certainly accustomed to (and entitled to) think of the �elds rationals, reals, and complex
numbers as `natural' batches of numbers, it it important to realize that there are many other important
�elds. Perhaps unexpectedly, there are many �nite �elds:

For example

� For a prime number p, the quotient Z=p is a �eld (with p elements).

After seeing what the proof of the latter fact entails, this ought not seem so surprising: We can already
grant ourselves that Z=p is a commutative ring with unit, being the quotient of Z by the ideal pZ. So the
issue is only to check that every non-zero element has a multiplicative inverse. Let x 2 Z=p be non-zero:
that means that x = y + pZ for some integer y not divisible by p. Then, for example computing via the
Euclidean algorithm, there are integers s; t so that sy + tp = gcd(y; p) = 1. Then sy � 1 mod p. Therefore,
s + pZ will be a multiplicative inverse of y + pZ = x. That is, any non-zero element has a multiplicative
inverse, so Z=p is a �eld.

In particular, we see that for each prime number p there is indeed a (�nite!) �eld with p elements.

On the other hand, for example, there is no �nite �eld with 6 or with 10 elements.

While it turns out that there are �nite �elds with, for example, 9 elements, 128 elements, or any prime
power number of elements, it requires a bit more preparation to `�nd' them.

The simplest �nite �elds are the rings Z=p with p prime. For many di�erent reasons, we want more
�nite �elds than just these. One immediate reason is that for machine implementation (and for other
computational simpli�cations) it is optimal to use �elds of characteristic 2, that is, in which 1 + 1 = 2 = 0.
Among the �elds Z=p only Z=2 satis�es this condition. At the same time, for various reasons we might
want the �eld to be large. If we restrict our attention to the �elds Z=p we can't meet both these conditions
simultaneously.

This section sets up a viewpoint adequate to these tasks, along with necessary technical preparation.

� Ideals in commutative rings

� Ring homomorphisms

� Quotient rings

� Maximal ideals and �elds

� Field extensions

� Sums and products in �eld extensions

� Multiplicative inverses in �eld extensions
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25.1 Ideals in commutative rings

The concept of ideal in a commutative ring is a sort of generalization of the concept of number. In fact,
originally there was a closely related notion of ideal number which extended the usual notion of number.
This phrase has since been shortened simply to \ideal".

Let R be a commutative ring with unit 1. An ideal in R is a subset I of R so that

� For all r 2 R and x 2 I we have r � i 2 I . (Closure under multiplication by ring elements.)

� For all x; y 2 I we have x+ y � i 2 I . (Closure under addition.)
� For all x 2 I we have �x � i 2 I . (Closure under inverse.)
� 0 2 R.
The second, third, and fourth conditions can be capsulized as requiring that I-with-addition must be a

subgroup of the additive group R-with-addition.

The �rst condition may seem a little peculiar. For one thing, it is a stronger requirement than that I
be a subring of R, since we require that I be closed under multiplication by elements of R, not merely by
elements of I itself.

Example: The basic example is the following. In the ring Z, for any �xed n, the set n � Z consisting of all
multiples of n is an ideal. Indeed, if x = mn is a multiple of n, and if r 2 Z, then r � x = r(mn) = (rm)n
is still a multiple of n. Likewise, 0 is contained in nZ, it's closed under sums, and closed under additive
inverses.

Example: Let R = k[x] be the ring of polynomials in one variable x with coe�cients in a �eld k. Fix a
polynomial P (x), and let I � R be the set of all polynomial multiples M(x) �P (x) of P (x). Veri�cation that
I is an ideal is identical in form to the previous example.

Example: Abstracting the previous two examples: let R be any commutative ring with unit 1, and �x
n 2 R. Then the set I = n � R = fmn : m 2 Rg is an ideal, called the principal ideal generated by n.
The same argument proves that it is an ideal. Such an ideal is called a principal ideal.

Example: In any ring, the trivial ideal is just the set I = f0g. Consistent with typical usage in math-
ematics, an ideal I is proper if it is neither the trivial ideal f0g nor the whole ring R (which is also an
ideal).

The following proposition is an important basic principle.

Proposition: Let I be an ideal in a commutative ring R with unit 1. If I contains any element u 2 R�,
then I = R.

Proof: Suppose I contains u 2 R�. The fact that u is a unit means that there is a multiplicative inverse u�1

to u. Then, for any r 2 R,
r = r � 1 = r � (u�1 � u) = (r � u�1) � u

That is, r is a multiple of u. Since I is an ideal, it must contain every multiple of u, so I contains r. Since
this is true of every element r 2 R, it must be that R = I . |
Corollary: Let I be an ideal in a polynomial ring k[x] where k is a �eld. If I contains any non-zero `constant'
polynomial, then I = k[x].

Proof: This will follow from the previous proposition if we check that non-zero constant polynomials are units
(that is, have multiplicative inverses). Indeed, for a 2 k with a 6= 0, since k is a �eld there is a�1 2 k � k[x].
Thus, certainly a is invertible in the polynomial ring k[x]. |
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We can recycle the notation we used for cosets to write about ideals in a more economical fashion. For
two subsets X , Y of a ring R, write

X + Y = fx+ y : x 2 X; y 2 Y g

X � Y = X Y = f �nite sums
X
i

xi yi : xi 2 X; yi 2 Y g

Note that in the context of ring theory the notation X � Y has a di�erent meaning than it does in group
theory. Then we can say that an ideal I in a commutative ring R is an additive subgroup so that R I � I .

Proposition: Every ideal I in Z is principal, that is, of the form I = n � Z. In particular, the integer n so
that this is true is the least positive element of I unless I = f0g, in which case n = 0.

Proof: If I = f0g, then certainly I = Z � 0, and we're done. So suppose I is non-zero. Since I is closed under
taking additive inverses, if I contains x < 0 then it also contains �x > 0. So a non-trivial ideal I does indeed
contain some positive element. Let n be the least element of I . Let x 2 I , and use the Division Algorithm
to get q; r 2 Z with 0 � r < n and

x = q � n+ r

Certainly qn is still in I , and then �qn 2 I also. Since r = x� qn, we conclude that r 2 I . Since n was the
smallest positive element of I , it must be that r = 0. Thus, x = qn 2 n � Z, as desired. |
Proposition: Let k be a �eld. Let R = k[x] be the ring of polynomials in one variable x with coe�cients
in k. Then every ideal I in R is principal, that is, is of the form I = k[x] � P (x) for some polynomial P . In
particular, P (x) is the monic polynomial of smallest degree in I , unless I = f0g, in which case P (x) = 0.

Proof: If I = f0g, then certainly I = k[x] � 0, and we're done. So suppose I is non-zero. Suppose that
Q(x) = anx

n + : : :+ a0 lies in I with an 6= 0. Since k is a �eld, there is an inverse a�1n . Then, since I is an
ideal, the polynomial

P (x) = a�1n �Q(x) = xn + a�1n an�1x
n�1 + : : :+ a�1n a0

also lies in I . That is, there is indeed a monic polynomial of lowest degree of any element of the ideal. Let
x 2 I , and use the Division Algorithm to get Q;R 2 k[x] with degR < degP and

x = Q � P +R

Certainly Q � P is still in I , and then �Q � P 2 I also. Since R = x�Q � P , we conclude that R 2 I . Since
P was the monic polynomial in I of smallest degree, it must be that R = 0. Thus, x = Q � P 2 n � k[x], as
desired. |
Remark: The proofs of these two propositions can be abstracted to prove that every ideal in a Euclidean
ring is principal.

Example: Let R be a commutative ring with unit 1, and �x two elements x; y 2 R. Then

I = R � x+R � y = frx + sy : r; s 2 Rg

is an ideal in R. This is checked as follows. First,

0 = 0 � x+ 0 � y

so 0 lies in I . Second,
�(rx+ sy) = (�r)x + (�s)y

so I is closed under inverses. Third, for two elements rx+ sy and r0x+ s0y in I (with r; r0; s; s0 2 R) we have

(rx + sy) + (r0x+ s0y) = (r + r0)x + (s+ s0)y
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so I is closed under addition. Finally, for rx + sy 2 I with r; s 2 R, and for r0 2 R,

r0 � (rx + sy) = (r0r)x + (r0s)y

so R � I � I as required. Thus, this type of I is indeed an ideal. The two elements x; y are the generators
of I .

Example: Similarly, for �xed elements x1; : : : ; xn of a commutative ring R, we can form an ideal

I = R � x1 + : : :+R � xn

Example: To construct new, larger ideals from old, smaller ideals we can proceed as follows. Let I be an
ideal in a commutative ring R. Let x be an element of R. Then let

J = R � x+ I = frx+ i : r 2 R; i 2 Ig

Let's check that J is an ideal. First
0 = 0 � x+ 0

so 0 lies in J . Second,
�(rx+ i) = (�r)x + (�i)

so J is closed under inverses. Third, for two elements rx + i and r0x + i0 in J (with r; r0 2 R and i; i0 2 I)
we have

(rx + i) + (r0x+ i0) = (r + r0)x+ (i+ i0)

so J is closed under addition. Finally, for rx + i 2 J with r 2 R, i 2 I , and for r0 2 R,

r0 � (rx + i) = (r0r)x + (r0i)

so R � J � J as required. Thus, this type of set J is indeed an ideal.

Remark: In the case of rings such as Z, where we know that every ideal is principal, the previous construction
does not yield any more general type of ideal.

Remark: In some rings R, it is de�nitely the case that not every ideal is principal. That is, there are some
ideals that cannot be expressed as R � x. The simplest example is the following. Let

R = fa+ b
p�5 : a; b 2 Zg

It is not hard to check that this is a ring. Let

I = fx � 2 + y � (1 +p�5) : x; y 2 Rg

With just a little bit of cleverness, one can show that this ideal is not principal. This phenomenon is closely
related to the failure of unique factorization into primes in this ring. For example, we have two apparently
di�erent factorizations

2 � 3 = 6 = (1 +
p�5) � (1�p�5)

(All the numbers 2, 3, 1+
p�5, 1�p�5 are \prime" in the naive sense that they can't be further factored

in the ring R.) These phenomena are not of immediate relevance, but did provide considerable motivation
in the historical development of algebraic number theory.

In rings R that are not necessarily commutative, there are three di�erent kinds of ideals. A left ideal
I is an additive subgroup so that RI � I , a right ideal I is an additive subgroup so that I R � I , and
a two-sided ideal I is an additive subgroup so that R I R � I . Mostly we'll only care about ideals in
commutative rings, so we can safely ignore this complication most of the time.
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25.2 Ring homomorphisms

Quite analogous to group homomorphisms, ring homomorphisms are maps from one ring to another
which preserve the ring structures.

A ring homomorphism f : R ! S from one ring R to another ring S is a map so that, for all r; r0 in R
we have

f(r + r0) = f(r) + f(r0)

f(rr0) = f(r) f(r0)

That is, we would say that f preserves or respects both addition and multiplication.

A ring homomorphism which is a bijection is an isomorphism. Two rings which are isomorphic are
construed as `the same' for all ring-theoretic purposes.

As in the case of groups and group homomorphisms, we do not make an attempt to use di�erent
notations for the addition and multiplication in the two di�erent rings R and S in this de�nition. Thus,
more properly put, f converts addition in R into addition in S, and likewise multiplication.

Very much like the case of groups, the kernel of a ring homomorphism f : R! S is

ker f = fr 2 R : f(r) = 0g

where (implicitly) the latter 0 is the additive identity in S.

Example: The most basic example of a ring homomorphism is

f : Z! Z=n

given by
f(x) = x-mod-n

The assertion that this f is a ring homomorphism is that

(x-mod-n) + (y-mod-n) = (x+ y)-mod-n

f(1R) � s = f(1R) � f(r) = f(1R � r) = f(r) = s

Thus, f(1R) behaves like the unit in S. By the already prove uniqueness of units, it must be that f(1R) = 1S .

Now we prove that the kernel is an ideal. Let x be in the kernel, and r 2 R. Then

f(rx) = f(r)f(x) = f(r) � 0 = 0

since by now we've proven that in any ring the product of anything with 0 is 0. Thus, rx is in the kernel of
f . And, for x; y both in the kernel,

f(x+ y) = f(x) + f(y) = 0 + 0 = 0

That is, x + y is again in the kernel. And f(0) = 0, so 0 is in the kernel. And for x in the kernel
f(�x) = �f(x) = �0 = 0, so �x is in the kernel. |
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25.3 Quotient rings

Now we give a construction of new rings from old in a manner that includes as a special case the
construction of Z=n from Z.

Let R be a commutative ring with unit 1. Let I be an ideal in R. The quotient ring R=I (\R mod
I") is de�ned to be the set of cosets

r + I = fr + i : i 2 Ig
We de�ne operations of addition and multiplication on R=I by

(r + I) + (s+ I) = (r + s) + I

(r + I) � (s+ I) = (r � s) + I

The zero in this quotient will be 0R=I = 0 + I , and the unit will be 1R=I = 1 + I .

Example: The basic example is that Z=n is the quotient ring Z=I where I = n � Z.
But, just as we had to check that the operations of addition and multiplication in Z=n were well-de�ned,

we must do so here as well. The point is that the set r+ I typically can be named in several di�erent ways,
and we want the alleged addition and multiplication operations not to depend on the way the coset is named,
but only on what it is. This is what well-de�nedness is about.

So suppose r + I = r0 + I and s+ I = s0 + I . That is, we have two cosets, each named in two possibly
di�erent ways. To prove well-de�nedness of addition we need to check that

(r + s) + I = (r0 + s0) + I

and to prove well-de�nedness of multiplication we must check that

(r � s) + I = (r0 � s0) + I

Since r0 + I = r + I , in particular r0 = r0 + 0 2 r + I , so r0 can be written as r0 = r + i for some i 2 I .
Likewise, s0 = s+ j for some j 2 I . Then

(r0 + s0) + I = (r + i+ s+ j) + I = (r + s) + (i+ j + I)

The sum k = i+ j is an element of I . We claim that for any k 2 I we have k + I = I . Certainly since I is
closed under addition, k + I � I . On the other hand, for any x 2 I we can write

x = k + (x� k)

with x� k 2 I , so also k + I � I . Thus, indeed, k + I = I . Thus,

(r0 + s0) + I = (r + s) + I

which proves the well-de�nedness of addition in the quotient ring. Likewise, looking at multiplication:

(r0 � s0) + I = (r + i) � (s+ j) + I = (r � s) + (rj + si+ I)

Since I is an ideal, rj and si are again in I , and then rj+si 2 I . Therefore, as just observed in the discussion
of addition, rj + si+ I = I . Thus,

(r0 � s0) + I = (r � s) + I

and multiplication is well-de�ned.
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The proofs that 0 + I is the zero and 1 + I is the unit are similar.

And in this situation the quotient homomorphism

q : R! R=I

is the natural map
q(r) = r + I

In fact, the discussion just above proves

Proposition: For a commutative ring R and ideal I , the quotient map R! R=I is a ring homomorphism.
|

25.4 Maximal ideals and �elds

Now we see how to make �elds from by taking suitable quotients by maximal ideals. This is a funda-
mental construction.

Let R be a commutative ring with unit 1. An ideal M in R is maximal if M 6= R and if for any other
ideal I with I �M it must be that I = R. That is, M is a maximal ideal if there is no ideal strictly larger
than M (containing M) except R itself.

Proposition: For a commutative ring R with unit, and for an ideal I , the quotient ring R=I is a �eld if and
only if I is a maximal ideal.

Proof: Let x + I be a non-zero element of R=I . Then x + I 6= I , so x 62 I . Note that the ideal Rx + I is
therefore strictly larger than I . Since I was already maximal, it must be that Rx+ I = R. Therefore, there
are r 2 R and i 2 I so that rx+ i = 1. Looking at this last equation modulo I , we have rx � 1 mod I . That
is, r + I is the multiplicative inverse to x+ I . Thus, R=I is a �eld.

On the other hand, suppose that R=I is a �eld. Let x 2 R but x 62 I . Then x + I 6= 0 + I in R=I .
Therefore, x+ I has a multiplicative inverse r + I in R=I . That is,

(r + I) � (x+ I) = 1 + I

From the de�nition of the multiplication in the quotient, this is rx+ I = 1+ I , or 1 2 rx+ I , which implies
that the ideal Rx+ I is R. But Rx+ I is the smallest ideal containing I and x. Thus, there cannot be any
proper ideal strictly larger than I , so I is maximal. |

25.5 Field extensions

Now we'll make the construction of the previous section more concrete, making `bigger' �elds by taking
quotients of polynomial rings with coe�cients in `smaller' �elds. This is a very basic procedure.

Let k be a �eld. Another �eld K containing k is called an extension �eld of k, and k is a sub�eld of
K.

Theorem: Let k be a �eld and P (x) an irreducible polynomial in k[x] (other than the zero polynomial).
Then the principal ideal I = k[x] � P (x) is maximal. Thus, the quotient ring k[x]=I is a �eld. Further, the
composite map

k ! k[x]! k[x]=I
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is injective, so we may consider the �eld k as a subset of the �eld k[x]=I . Last, let � = x + I be the image
in k[x]=I of the indeterminate x. Then (in the quotient k[x]=I)

P (�) = 0

Last, any element � 2 k[x]=I can be uniquely expressed in the form

� = R(�)

where R is a polynomial with coe�cients in k and of degree strictly less than the degree of P .

Remark: The degree of the extension K of k is the degree of the polynomial P used in the construction.

Remark: In this situation, thinking of � as `existing' now, and being a root of the equation P (x) = 0, we
say that we have adjoined a root of P (x) = 0 to k, and write

k[�] = k[x]=I

Remark: As a notational convenience, often a quotient

k[x]=k[x] � P (x)

is written as

k[x]=P (x)

where it is meant to be understood that the quotient is by the ideal generated by P (x). This is entirely
consistent with the notation Z=n for Z=Z � n.
Remark: An element � of k[x]=I expressed as a polynomial R(�) with R of degree less than the degree of
P is reduced. Of course, since k[x]=I is a ring, any polynomial R(�) in � gives something in k[x]=I . But
everything can be expressed by a polynomial of degree less than that of P , and uniquely so. This is exactly
analogous to the fact that every equivalence class in the quotient ring Z=n has a unique representative among
the integers reduced modulo n, namely f0; 1; 2 : : : ; n� 1g.
Proof: Let J(x) be a polynomial not in the ideal I = k[x] �P (x). We want to show that the ideal k[x] �J(x)+I
is k[x], thereby proving the maximality of I . Since P (x) is irreducible, the gcd of J and P is just 1. Therefore,
by the Euclidean Algorithm in k[x], there are polynomials A;B in k[x] so that

A � P +B � J = 1

That is, k[x] � J(x) + I contains 1. Let C(x); D(x) be polynomials so that

1 = C(x) � J(x) +D(x) � P (x)

Then for any polynomial M(x) we have

M(x) =M(x) � 1 =M(x) � (C(x) � J(x) +D(x) � P (x)) = (M(x) � C(x)) � J(x) + (M(x) �D(x)) � P (x)

which lies in k[x] � J(x) + k[x] �P (x). That is, M(x) is in the ideal k[x] � J(x) + k[x] �P (x), so the latter ideal
is the whole ring k[x]. This proves the maximality of k[x] � J(x) + k[x] � P (x).

Next, we show that the composite map

k ! k[x]! k[x]=k[x] � P (x)
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is an injection. Let I = k[x] � P (x). The �rst map k ! k[x] is the obvious one, which takes a 2 k to the
\constant" polynomial a. Suppose a; b 2 k so that a+ I = b+ I . Then, by subtracting, (a� b) + I = 0+ I ,
which gives

a� b = (a� b) + 0 2 (a� b) + I = I

so a� b 2 I .
Next, we prove that P (�) = 0. Let q : k[x] ! k[x]=I be the quotient homomorphism. Write out P (x)

as
P (x) = anx

n + an�1x
n�1 + : : :+ a2x

2 + a1x+ a0

To show that P (�) = 0 in the quotient, we compute

P (�) = an�
n + an�1�

n�1 + : : :+ a2�
2 + a1�+ a0 = anq(x)

n + an�1q(x)
n�1 + : : :+ a2q(x)

2 + a1�+ a0

= q(anx
n + an�1x

n�1 + : : :+ a2x
2 + a1x+ a0) = q(P (x))

since q is a ring homomorphism, and since the `constants' in k are essentially unchanged in mapping to the
quotient. Since P (x) 2 I , the image q(P (x)) of it under q is 0. That is, we have proven that P (�) = 0.

Finally, we prove that any element of the quotient k[x]=I is uniquely expressible as a polynomial in
� = x + I , of degree less than the degree of P . Indeed, given � 2 k[x]=I there is some polynomial J(x) so
that q(J(x)) = �. Using the Division Algorithm for polynomials in one variable over a �eld, we have

J(x) = Q(x) � P (x) +R(x)

where degR < degP . Then, under the homomorphism q we have

� = q(J(x)) = q(Q(x)) � q(P (x)) + q(R(x)) = q(Q(x)) � 0 +R(q(x)) = R(�)

since q(P (x)) = P (�) = 0, and of course using the ring homormorphism properties. This is the desired
result. |
Corollary: When the �eld k is �nite with q elements, for an irreducible polynomial P (x) of degree n, the
�eld extension K = k[x]=P (x) with has qn elements.

Proof: Let � be the image of x in K. We use the fact that every element of K has a unique expression as
R(�) for a polynomial R of degree less than n. There are q choices for each of the n coe�cients (for powers
of � ranging from 0 to n� 1), so there are qn elements altogether. |
Remark: A �eld extension k[x]=P (x) with irreducible polynomial P (x) is called quadratic if P (x) is
quadratic, cubic if P (x) is cubic, quartic if P (x) is quartic, quintic if P (x) is quintic, etc.

25.6 Examples of �eld extensions

Now we'll do some speci�c numerical examples of �eld extensions, using the set-up of the previous
section.

Example: Let's see how to `make' the complex numbers C as a �eld extension of the real number R, not
by presuming that there is a mysterious

p�1 already existing \out there somewhere".

First, let's prove that x2 +1 2 R[x] is irreducible. Since the square of any real number is non-negative,
the equation

x2 + 1 = 0
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has no roots in R. Since the polynomial x2+1 2 R[x] is quadratic, if it were to factor in R[x] it would have
to factor into two linear factors (since the degree of the product is the sum of the degrees of the factors).
But if x2 + 1 had a linear factor then x2 + 1 = 0 would have a root in R, which it does not. Thus, in the
polynomial ring R[x] the polynomial x2 + 1 is irreducible, as claimed.

Let I be the ideal I = R[x] � (x2 + 1) generated by x2 + 1 in R[x]. Then, from above we know that
R[x]=I is a �eld, inside which we can view R as sitting. Also, we saw above that the image � of x in the
quotient satis�es the equation �2 + 1 = 0.

We also showed that any element � of the extension is expressible uniquely in the form � = a+ b� for
a; b 2 R. Of course, we usually would write `i' for the image of x in that extension �eld, rather than `�'.

Example: Let's adjoin a square root of 2 to the �eld Z=5. First, note that there is no a in Z=5 so that
a2 = 5. Thus, the quadratic polynomial x2 � 2 does not factor in Z=5[x] (since if it did it would have a root
in Z=5, which it doesn't).

Let I be the ideal I = Z=5[x] � (x2 � 2) generated by x2 � 2 in Z=5[x]. Then, we know that Z=5[x]=I is
a �eld, inside which we can view Z=5 as sitting. Also, we saw above that the image � of x in the quotient
satis�es the equation �2 � 2 = 0.

We also showed that any element � of the extension is expressible uniquely in the form � = a+ b� for
a; b 2 Z=5. Of course, we usually would write `

p
2' for the image of x in that extension �eld, rather than `�'.

Remark: Yes, these constructions might be viewed as anti-climactic, since the construction `makes' roots
of polynomials in a manner that seemingly is not as tangible as one would like. But in fact it's good that
the construction is fairly straightforward, since that partly means that it works well.

Example: Let's adjoing a cube root of 2 to Z=7. First, note that there is no cube root of 2 in Z=7. (Check
by brute force. Or, by noting that Z=7� is cyclic of order 6, from our basic facts about cyclic groups Z=7�

will have only two third powers, which we can directly observe are �1, so (by exclusion) 2 can't be a cube.)

Thus, the cubic polynomial x3 � 2 is irreducible in Z=7[x], since if it were reducible then it would have
to have a linear factor, and then x3 � 2 = 0 would have to have a root in Z=7, which it doesn't.

Let I be the ideal I = Z=7[x] � (x3 � 2). From this discussion, Z=7[x]=I is a �eld, and the image � of
x in this quotient is a cube root of 2. And every element � of this �eld extension of Z=7 can be uniquely
expressed in the form

� = a0 + a1�+ a2�
2

25.7 Sums and products in �eld extensions

The addition, subtraction, and multiplication in �eld extensions are not hard to understand, because
they are just what naturally arises from the corresponding operations on polynomials. In fact, a quotient
k[x]=I inherits its operations from k[x], by the very construction.

Let k be a �eld, P (x) an irreducible polynomial in k[x], I the ideal generated by P (x) in k[x], and K
the �eld extension k[x]=I of k. Let � be the image of x in K. Let n be the degree of P (x). Above we showed
that any element of K can be expressed as a polynomial R(�) in � with deg < n.

Addition of two elements

� = b0 + b1�+ b2�
2 + : : :+ bn�2�

n�2 + bn�1�
n�1


 = c0 + c1�+ c2�
2 + : : :+ cn�2�

n�2 + cn�1�
n�1
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in the �eld extension K is the fairly obvious thing, as if we were adding polynomials:

� + 
 = b0 + b1�+ b2�
2 + : : :+ bn�2�

n�2 + bn�1�
n�1 + c0 + c1�+ c2�

2 + : : :+ cn�2�
n�2 + cn�1�

n�1

= (b+ 0+ c0) + (b1 + c1)�+ (b2 + c2)�
2 + : : :+ (bn�2 + cn�2)�

n�2 + (bn � 1 + cn�1)�
n�1

Multiplication is somewhat messier, since the product of two polynomials of degree less than n is not
reliably of degree less than n. In the present circumstance, somewhat more than in the case of the integers Z,
reducing polynomials modulo P (x) via the Division Algorithm is more often necessary in order to understand
what's going on.

So with � and 
 as above, without trying to reduce mod P ,

� � 
 =
X

0�i;j<n

aibj �
i+j

Of course, there is no simple general formula for what will be obtained if and when we reduce modulo P .

Example: In the �eld K = Z=5[
p
2] things are simple enough that we can get formulas for reduced products

of two elements: let � be the image of x in the quotient Z=5[2]=(x2� 2). For � = ao+a1� and � = bo+ b1�
in K,

� � � = aobo + (aob1 + a1bo)�+ a1b1�
2

In this simple example, the reduction occurs just in one step, since we know that �2 = 2 2 Z=5. Therefore,

� � � = (aobo + 2a1b1) + (aob1 + a1bo)�

This is the general formula for multiplication in this �eld.

Example: In the �eld k = Z=7[�] with �3 = 2 an explicit formula for the reduced product of � = ao+a1�+
a2�

2 and 
 = bo+ b1�+ b2�
2 will be messier, but still within reach if we want, and nothing counter-intuitive

happens:
� � 
 = (ao + a1�+ a2�

2) � (bo + b1�+ b2�
2)

= (aobo) + (aob1 + a1bo)�+ (aob2 + a1b1 + a2bo)�
2 + (a1b2 + a2b1)�

3 + (a2b2)�
4

Using the fact that �3 = 2, and that
�4 = (�3) � � = 2�

this becomes

� � 
 = (aobo + 2a1b2 + 2a2b1) + (aob1 + a1bo + 2a2b2)�+ (aob2 + a1b1 + a2bo)�
2

Remark:When the irreducible polynomial is anything other than something like the root-taking polynomials
xn � a, the formula won't be at all as simple as in this last example, but the underlyling procedure is still as
simple: multiply and reduce. The following two examples illustrate this:

Example: The polynomial x2 + x + 1 has no linear factors in Z=2[x]. Let � be a root of x2 + x + 1 = 0
in the extension �eld Z=2[x]=(x2 + x + 1). Thus, rather than knowing that � raised to some power is an
element of Z=2, instead from �2 + �+ 1 = 0 we have

�2 = ��� 1 = �+ 1

(since �1 = +1 in Z=2). Then an explicit formula for the reduced product of � = bo+ b1� and 
 = co+ c1�.
It is

� � gamma = (bo + b1�) � (co + c1�) = (boco) + (b1co + boc1)�+ (b1c1)�
2
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= (boco) + (b1co + boc1)�+ (b1c1)(� + 1) = (boco + b1c1) + (b1co + boc1 + b1c1)�

This formula is not really so helpful, since it is too complicated to really allow intuitive access. Yet what
we're actually doing is numerically quite straightforward: multiply and reduce mod P (x).

Example: Consider the polynomial x4 + x3 + x2 + x + 1 in Z=2[x]. First we want to prove that it is
irreducible. Again, the equation

x4 + x3 + x2 + x+ 1 = 0

has no roots in Z=2, so there is no linear factor. However, since it is of degree larger than 3, it might factor
in some way without having a linear factor, thereby maybe factoring without x4+x3+x2+x+1 = 0 having
a root. In this instance, what could conceivably happen is that

x4 + x3 + x2 + x+ 1 = (irreducible quadratic) � (irreducible quadratic)

But this is still within reach of essentially brute-force computation: suppose

x4 + x3 + x2 + x+ 1 = (x2 + ax+ 1) � (x2 + bx+ 1)

for some a; b 2 Z=2. Note that we can be sure that the highest and lowest coe�cients of the quadratic
factors are 1, rather than 0, since the highest and lowest factors of x4 + x3 + x2 + x+1 are 1 rather than 0.
Multiplying out, we would have

x4 + x3 + x2 + x+ 1 = x4 + (a+ b)x3 + (ab)x2 + (a+ b)x+ 1

(since 2 = 0). Thus, comparing the x2 coe�cients, we would have a = b = 1. But then, comparing the x4

and x coe�cients, it is impossible to have a+ b = 1. That is, there are no such quadratic factors in Z=2[x].
Thus, in fact x4 + x3 + x2 + x+ 1 is irreducible in Z=2[x].

Let � be a root of x4+x3+x2+x+1 = 0 in the extension �eld K = Z=2[x]=(x4+x3+x2+x+1). Thus,
rather than knowing that � raised to some power is an element of Z=2, instead, from �4+�3+�2+�+1 = 0
we have

�5 = ��3 � �2 � �� 1 = �3 + �2 + �+ 1

(since �1 = +1 in Z=2). And of course

�6 = (�5) � � = (�4 + �3 + �2 + �+ 1)�

= �5 + �4 + �3 + �2 + � = (�4 + �3 + �2 + �+ 1) + �4 + �3 + �2 + � = 1

This is not so surprising since, after all,

(x4 + x3 + x2 + x+ 1) � (x� 1) = x5 � 1

Then an explicit formula for the reduced product of � = bo + b1� + b2�
2 + b3�

3 and 
 = co + c1� +
c2�

2 + c3�
3 is the hopelessly messy expression

� � 
 = (boco) + (b1co + boc1)� + (b2co + b1c1 + boc2)�
2 + (b3co + b2c1 + b1c2 + boc3)�

3

+(b3c1 + b2c2 + b1c3)�
4 + (b3c2 + b2c3)�

5 + (b3c3)�
6

= (boco) + (b1co + boc1)� + (b2co + b1c1 + boc2)�
2 + (b3co + b2c1 + b1c2 + boc3)�

3

+(b3c1 + b2c2 + b1c3)�
4 + (b3c2 + b2c3)(�

4 + �3 + �2 + �+ 1) + (b3c3) � 1
= (boco + (b3c2 + b2c3) + b3c3) + (b1co + boc1 + (b3c2 + b2c3))�+ (b2co + b1c1 + boc2 + (b3c2 + b2c3))�

2

+(b3co + b2c1 + b1c2 + boc3 + (b3c2 + b2c3))�
3 + (b3c1 + b2c2 + b1c3 + (b3c2 + b2c3))�

4
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Yet the numerical process is not so complicated. For example, to �nd the product of

� = A(�) = �3 + �+ 1

and

 = B(�) = �3 + �2 + 1

thinking of A(�) and B(�) as polynomials evaluated at �, we �rst do the obvious multiplication

� � 
 = (�3 + �+ 1) � (�3 + �2 + 1)

= �6 + �5 + �4 + 3 � �3 + �2 + �+ 1

= �6 + �5 + �4 + �3 + �2 + �+ 1

To reduce is just to divide-with-remainder by P (x):

(x6 + x5 + x4 + x3 + x2 + x+ 1)� (x2)(x4 + x3 + x2 + x+ 1) = x+ 1

Therefore,
�6 + �5 + �4 + �3 + �2 + �+ 1 = �+ 1

Altogether, we have computed
(�3 + �+ 1) � (�3 + �2 + 1) = �+ 1

25.8 Multiplicative inverses in �eld extensions

By contrast to addition and multiplication, the procedure for computing multiplicative inverses is less
obvious. But, in fact, computation of multiplicative inverses in �nite �elds can be done quite e�ciently using
either the Euclidean Algorithm in polynomial rings (as we used earlier to compute inverses in Z=n). There
is another algorithm which takes advantage of the �niteness of the �elds, but which is relatively very slow,
as described below.

Note that in an abstract and indirect way we know that any non-zero element of K does have an inverse,
since we have already proven that K is indeed a �eld. The problem is to be able to compute the inverse
reasonably.

In a �eld extension K = k[x]=P (x) with P (x) irreducible in k[x], let � be the image of x, so � is a root
of the equation P (x) = 0 in K. Given a polynomial J , to �nd the multiplicative inverse of J(�) proceed as
follows. First, we must be assuming that J(�) 6= 0 in K, or else it shouldn't have an inverse in K anyway.
That is, the polynomial P (x) does not divide J(x). Since P (x) is irreducible, this means that the gcd of
P (x) and J(x) is 1. Therefore, when we run the Euclidean Algorithm (`forward') with P (x) and J(x), at
some point we will reach

(: : :)� (: : :) � (: : :) = c

with a non-zero constant c 2 k. Running the Euclidean Algorithm `backward' yields polynomials So(x); To(x)
so that

So(x)P (x) + To(x)J(x) = c

This isn't quite what we want, since we want the right-hand side to be 1. But since c is non-zero, it has a
multiplicative inverse c�1 in k, so

c�1So(x)P (x) + c�1To(x)J(x) = 1
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Thus, letting

S(x) = c�1So(x) T (x) = c�1To(x)

Then

S(x)P (x) + T (x)J(x) = 1

Looking at this modulo P (x), we �nd

T (x) � J(x) = 1 mod P (x)

Therefore,

T (�) � J(�) = 1

. This is completely analogous to our procedure for computing multiplicative inverses in Z=n.

There is an additional approach which is feasible for relatively small �nite �elds. It is much worse than
the Euclidean Algorithm approach, however. Let k be a �nite �eld with q elements, let P (x) be irreducible
of degree n in k[x], and let K = k[x]=P (x). We saw above that K has qn elements. We proved earlier (when
thinking about primitive roots) that the group K� is cyclic. Since K� is just K with 0 removed, it has
qn � 1 elements. Therefore, for any � 2 K�, we have

�q
n�1 = 1

since by Lagrange's theorem the order of any element divides the order of the whole group. This is the same
argument that proves Euler's theorem from Lagrange's theorem. Then

� � (�qn�2) = �q
n�1 = 1

That is, for any � 2 K�, the multiplicative inverse of � in K is �q
n�2.

Remark: Even when qn is a bit large, this power of � can be reasonably computed by the fast exponentiation
algorithm, but for large qn � 1 this approach becomes much worse than the Euclidean Algorithm approach.

Example: Let's compute the multiplicative inverse of �3 + � + 1 where � is the image of x in the �eld
extension K = Z=2[x]=P (x) where P (x) = x4 + x3 + x2 + x+ 1. First, we run the Euclidean Algorithm:

(x4 + x3 + x2 + x+ 1)� (x + 1)(x3 + x+ 1) = x

(x3 + x+ 1)� (x2 + 1)(x) = 1

Running this `backward', we have

1 = (x3 + x+ 1)� (x2 + 1)(x)

= (x3 + x+ 1)� (x2 + 1)((x4 + x3 + x2 + x+ 1)� (x+ 1)(x3 + x+ 1))

= (1 + (x2 + 1)(x+ 1))(x3 + x+ 1)� (x2 + 1)(x4 + x3 + x2 + x+ 1)

= (x3 + x2 + x)(x3 + x+ 1) + (x2 + 1)(x4 + x3 + x2 + x+ 1)

Thus, x3 + x2 + x is an inverse of x3 + x+1 modulo P (x), so �3 +�2 + � is the inverse of �3 +�+1 in K.

In this example, since Z=2 has 2 elements, and P (x) is of degree 4, the extension �eld K has 24 elements.
Thus, for any � 2 K�,

1 = �2
4�1 = �15

Thus, as observed above, for any � in K�,

��1 = �14
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Remark: It is noteworthy that in the fast exponentiation algorithm, squaring polynomials with coe�cients
in a �eld of characteristic 2 (that is, where 2 = 0) is unusually easy, since the binomial coe�cient�

2

1

�
= 2

so
(x + y)2 = x2 + 2xy + y2 = x2 + 0 � xy = y2 = x2 + y2

Generally, with coe�cient in such a �eld,

(ao + a1x+ a2x
2 + a3x

3 + : : :+ an�1x
n�1 + anx

n)2 = ao + a1x
2 + a2x

4 + a3x
6 + : : :+ an�1x

2(n�1) + anx
2n

This makes roughly half of the steps in the fast exponentiation algorithm very easy.

Example: Let k = Z=13, P (x) = x3 � 2, K = k[x]=P (x), let � be the image of x in K, and �nd the
multiplicative inverse of �2+�+2. Note that 2 is not a cube mod 13, so this cubic polynomial is irreducible.
Note that in this example the fast exponentiation approach would require that we compute the (133 � 2)th

(= 2196th) power of x2 + x + 1, which would take roughly 16 steps. This is more burdensome than the
Euclidean Algorithm approach.

Running the Euclidean Algorithm forward:

(x3 � 2)� (x� 1)(x2 + x+ 2) = �x
(x2 + x+ 2)� (�x� 1)(�x) = 2

Going backwards, we obtain

2 = (x2 + x+ 2)� (�x� 1)(�x) = (x2 + x+ 2) + (x + 1)(�x)
= (x2 + x+ 2) + (x+ 1)((x3 � 2)� (x� 1)(x2 + x+ 2))

= (1� (x + 1)(x� 1))(x2 + x+ 2) + (x + 1)(x3 � 2)

= (�x2)(x2 + x+ 2) + (x+ 1)(x3 � 2)

Then multiply through by the multiplicative inverse of 2 in Z=13, namely 7, to obtain

1 = 7 � (�x2)(x2 + x+ 2) + 7 � (x+ 1)(x3 � 2)

Looking at this modulo x3 � 2, we obtain

1 = (�7x2)(x2 + x+ 2) mod x3 � 2

Since �7 = 6 mod 13, we can also write

1 = (6x2)(x2 + x+ 2) mod x3 � 2

Therefore,
(�2 + �+ 2)�1 = 6�2

#25.221 Verify that x2 � x+ 1 is an irreducible polynomial in F2[x] where F2 = Z=2.

#25.222 Verify that x3 � x+ 1 is an irreducible polynomial in F3[x] where F3 = Z=3.

#25.223 In the �eld Z=2[x]=(x2 + x+1) let � be the image of x, and compute (in reduced form) (1 + �)2.
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#25.224 In the �eld Z=2[x]=(x2+x+1) let � be the image of x, and compute (in reduced form) (1+�)�1.

#25.225 In the �eld Z=3[x]=x3 �x+1 let � be the image of x, and compute (in reduced form) (1+�)(2+
�� �2).

#25.226 In the �eld Z=2[x]=(x2+x+1) let � be the image of x, and compute (in reduced form) (1+���2)�1.
#25.227 Fermat's Little Theorem: Show that for prime p and integer x, we have xp � x mod p.

#25.228 Show that for prime p the polynomial xp � x with coe�cients in Z=p factors as

xp � x = x(x � 1)(x� 2)(x� 3) : : : (x � (p� 2))(x� (p� 1))

#25.229 Show that there are 27 di�erent numbers x mod 7 � 13 � 19 so that x3 � �1 mod 7 � 13 � 19. (Hint:
Notice that the question didn't really ask you to �nd all of them. It might be sensible to �nd the three
solutions of the congruence separately modulo each of 7, 13, and 19, and then worry about solving systems
of congruences.)

#25.230 Let k be any �eld, and suppose that P is a monic polynomial in k[x] which factors as

P (x) = (x� r1)(x � r2) : : : (x� rn)

with all the roots ri 2 k. Show that P (x) has a double root if and only if gcd(P; P 0) is a polynomial of
positive degree, where P 0 is the derivative of P in the usual sense! (Thus, we can detect the presence of
double roots without actually having to solve equations!)

#25.231 Let p be a prime number, and let a be a non-zero element in Z=p. Show that xp � x+ a = 0 has
no root in Z=p.

#25.232 (*) Let k be any �eld. Prove that there are in�nitely many distinct irreducible (`prime') polynomials
in k[x]. (Hint: Imitate Euclid's proof of the in�nitude of prime numbers.)
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26. Linear Congruences

We have already seen that the Euclidean Algorithm gives a systematic procedure (an algorithm) to solve
the congruence

ax � 1 mod m

for x, given a;m when gcd(a;m) = 1. Speci�cally, the Euclidean Algorithm applied to a and m yields
integers x; y so that

ax+my = 1

Looking at this equation modulo m, we have ax�1 = �my, so ax�1 is a multiple of m, and ax � 1 mod m.

A little more generally, let's look at the congruence

ax � b mod m

which we are to solve for x, given a; b;m. First, let's suppose for simplicity that gcd(a;m) = 1. Then we can
�nd xo so that

axo � 1 mod m

Then, multiplying both sides of this congruence by b, we obtain

axob � b mod m

Thus, xob is a solution to the congruence.

If gcd(a;m) > 1, the issue of solvability of the congruence is a little more delicate. In particular,
depending on the circumstances, there may or may not be a solution.

As a second case, let's consider the situation that gcd(a;m) > 1 and that

gcd(a;m) 6 j b

Then there's no solution to the congruence

ax � b mod m

To see this, write d = gcd(a;m), for brevity. Suppose x were a solution to the congruence. Then ax�b = km
for some integer k. Rearranging a little, we have

ax� km = b

Now dja and djm, so d divides the left-hand side of this equality. But this is impossible, since d 6 jb. Thus,
there could not have been any such solution x!

So it remains to consider the case that gcd(a;m) > 1 and that

gcd(a;m)jb

In this case there is a solution, and the method to �nd it is by reducing to the �rst, simplest case. Let
d = gcd(a;m) for brevity. If we had a solution x to the congruence ax � b mod m, then for some integer k
we have

ax� b = km
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From this, by dividing through by d, we obtain

a

d
x� b

d
= k

m

d

where it is important that all the fractions here are really integers. That is, a solution x to

ax � b mod m

is also a solution to
a

d
x � b

d
mod

m

d

Going in the other direction, suppose that x is a solution to the congruence

a

d
x � b

d
mod

m

d

Then multiply through by d to obtain
ax � b mod m

Thus, what we've found out is that solutions to ax � b mod m are in one-to-one correspondence with
solutions to a

dx � b
d mod m

d .

Now when we divide through by gcd(a;m) we have managed to return to the situation already treated,
since

gcd(
a

d
;
m

d
) = gcd(

a

gcd(a;m)
;

m

gcd(a;m)
) = 1

and we can use the Euclidean Algorithm to solve this.

Finally, we note that these congruences are all linear, meaning that there is no x2 term, no x3 term, etc.,
that is, nothing more complicated than `constants' and constant multiples of x occurring in the congruences.

#26.233 Solve 5x � 1 mod 101.

#26.234 Solve 5x � 17 mod 101.

#26.235 Solve 41x � 19 mod 103.

#26.236 Solve 5x � 105 mod 1000.

#26.237 Solve 15x � 105 mod 1000.
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27. Systems of Linear Congruences

Now let's look at systems of linear congruences. There are some similarities to the more elementary
discussion of systems of linear equations, but there are critical di�erences, as well. Part of the issue is
clari�ed if one knows about Sun Ze's theorem (Chinese Remainder Theorem), since that theorem explains
that certain otherwise peculiar steps below are in fact completely reasonable.

To start with, let's take the smallest non-trivial systems, of the form

ax � b mod m
cx � d mod n

Notice right away that there are two congruences but just one unknown, which would lead to non-
solvability immediately in the case of equations. But systems of congruences behave slightly di�erently. Our
only concession is: We'll only consider the case that the moduli m and n are relatively prime, that
is, that gcd(m;n) = 1.

By our previous discussion of a single congruence, we know how to solve (or detect non-solvability of)
the individual congruences

ax � b mod m

and
cx � d mod n

Certainly if either of these separate congruences has no solution then there is no solution for both together,
so let's just contemplate the situation that both do have solutions: let x1 be a solution to ax � b mod m
and let x2 be a solution to cx � d mod n. The question is how to get from the separate solution x1; x2 to a
simultaneous solution x. This is where Sun Ze's theorem (Chinese Remainder Theorem) comes in. But, in
fact, we need a computationally e�ective version, so we use the Euclidean algorithm.

Then, using the Euclidean algorithm again, there are integers s; t so that

sm+ tn = 1

since we supposed that gcd(m;n) = 1. And this can be rearranged to

tn = 1� sm

for example. Here comes the trick: the claim is that the single congruence

xo = x1(tn) + x2(sm) mod mn

is equivalent to (has the same set of solutions) as the system of congruences.

Let's check: modulo m, we have

axo � a(x1(tn) + x2(sm)) mod m � a(x1(tn) + 0) mod m

� (ax1)(tn) mod m � (ax1)(1� sm) mod m

� (ax1)(1) mod m � ax1 � b mod m

The discussion of the congruence modulo n is nearly identical, with roles reversed. Thus, anything congruent
to this xo modulo mn is a solution to the system.
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On the other hand, suppose x is a solution to the system, and let's prove that it is congruent to xo
modulo mn. Since ax � b mod m and ax � b mod m, we have

a(x� xo) � b� b � 0 mod m

Similarly,
c(x� xo) � d� d � 0 mod n

That is, both m and n divide x� xo. Since m and n are relatively prime, we can conclude that mn divides
x� xo, as desired.

The latter principle, that if m and n are relatively prime and if both divide y then mn divides y, merits
some re
ection! How would a person prove it, for example?)

Note that solving the individual congruences uses the Euclidean Algorithm, as does the process of
sticking the solutions together via the goofy formula above.

For example, to solve the system
3x � 2 mod 11
5x � 7 mod 13

we �rst solve the congruences separately: using the Euclidean Algorithm (whose execution we omit here!)
we �nd out that

3 � 8 � 2 mod 11

and
5 � 4 � 7 mod 13

To `glue' these solutions together, we execute the Euclidean Algorithm again, to �nd

6 � 11� 5 � 13 = 1

Thus, the single congruence

x � 8(�5 � 13) + 4(6 � 11) mod 11 � 13
is equivalent to the system. In particular, this gives a solution

x = �8 � 5 � 13 + 4 � 6 � 11 = 784

Now, quite generally, consider a system

a1x � b1 mod m1

a2x � b2 mod m2

a3x � b3 mod m3

: : :
anx � bn mod mn

We'll only consider the scenario that each pair of mi and mj are relatively prime (for i 6= j). We
solve it in steps: �rst, just look at the subsystem

a1x � b1 mod m1

a2x � b2 mod m2

and use the method above to turn this into a single (equivalent!) congruence of the form

x � c2 mod m1m2
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Then look at the system
x � c2 mod m1m2

a2x � b2 mod m3

and use the method above to combine these two congruences into a single equivalent one, say

x � c3 mod m1m2m3

and so on.

#27.238 Solve the two simultaneous congruences:

7x � 1 mod 15
3x � 2 mod 17

#27.239 Solve the three simultaneous congruences

4x � 1 mod 15
6x � 2 mod 17
18x � 3 mod 19
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28. Abstract Sun Ze Theorem

The goal of this section is to prove a theorem which includes as a very special case an assertion about
solving several congruences simultaneously. The concrete version of this theorem is very old, and is attributed
to Sun Ze (with ambiguous spelling). It is also sometimes called the \Chinese Remainder Theorem". So
what we prove here is an abstract Sun Ze theorem.

Let R be a commutative ring, and I an ideal in it. Extending the notation for congruences of ordinary
integers, we may write

x � y mod I

if x�y 2 I . As discussed repeatedly earlier, this is equivalent to the assertion that x+I = y+I , as elements
of the quotient R=I . Thus, our general discussion about quotient rings subsumes the earlier discussion of
integers-mod-m. Even though we can talk about the images of elements in the quotient, it is occasionally
useful to have the congruence notation available.

As another item of notation, for two ideals I; J of a commutative ring R, let I �J be the ideal consisting
of all �nite sums of products i � j where u 2 I and v 2 J . That is, every element of I � J is expressible as

i1j1 + i2j2 + : : :+ injn

with all the i`'s in I and all the j`'s in J . The number n of summands can vary. Note that this is a di�erent
notational convention than the notation X � Y used for subsets. It is necessary to use context to determine
which is meant, the \ideal" multiplication or the \subset" multiplication.

The following lemma relates this construct to the more down-to-earth intersection of ideals:
Lemma: Let I; J be two ideals in a commutative ring R, with a unit `1'. If I + J = R then I � J = I \ J .
Proof: On one hand, since

I � J � I � R = I

and

I � J � R � J = J

it follows that I � J � I \ J . On the other hand, take h 2 I \ J . Since I + J = R and R has a unit, there
are i 2 I and j 2 J so that i+ j = 1. Then

h = h � 1 = h � (i+ j) = h � i+ h � j 2 J � i+ I � j

since h lies in both I and J . Thus,

h 2 h � i+ h � j 2 J � i+ I � j � J � I + I � J = I � J

This proves the other inclusion, thereby giving the desired equality. Done.
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Theorem: (Sun Ze) Let R be a commutative ring with a unit `1'. Let I and J be two ideals in R, so that

I + J = R

Then, for any two elements a; b 2 R there is x 2 R so that

x � a mod I and x � b mod J

In particular, if i 2 I and j 2 J are the elements so that i+ j = 1, then

x = aj + bi

is an element of R satisfying both congruence conditions. Further, if x0 is another element of R also satisfying
x0 � a mod I and x � b mod J , then x � x0 mod I � J , where I � J is the ideal consisting of all �nite sums
of products u � v where u 2 I and v 2 J . That is, the solution to the system x � a mod I , x � b mod J is
unique modulo I � J .
Proof: It certainly su�ces to check that the formula x = aj + bi does what is claimed.

On one hand, since i 2 I and j 2 J , i � 0 mod I and j � 0 mod J . Thus, from i + j = 1, certainly
i � 1 mod J , and also j � 1 mod I . Therefore,

aj + bi � a � 1 + b � 0 mod I � a mod I

and symmetrically
aj + bi � a � 0 + b � 1 mod J � b mod J

as desired.

For the uniqueness assertion, suppose that x; x0 are two solutions. Then x� x0 � a� a � 0 mod I and
similarly x� x0 � b� b � 0 mod J . That is, x � x0 2 I \ J . The lemma above proves that I \ J = I � J in
this situation, so x� x0 2 I � J . Done.
Corollary: Let R be a commutative ring with unit `1', and let I1; : : : ; In be ideals so that for any two
distinct indices k; ` we have

Ik + I` = R

Then, for any elements a1; : : : ; an, there is x 2 R so that for every index k we have

x � ak mod Ik

And this x is uniquely determined modulo

I1 � I2 � : : : � In = I1 \ I2 \ : : : \ In

Proof: This will follow from the theorem by induction: the theorem treats n = 2, and the case n = 1 is
trivial. By induction, we can �nd an xo so that xo � b` mod I` for 1 � ` � n� 1. And this xo is uniquely
determined modulo I1 � : : : � In�1.

Thus, consider the system of two congruences

x � xo mod I1 � : : : � In�1

x � bn mod In

If we can show that
I1 � : : : � In�1 + In = R
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then we can simply apply the theorem again, proving the corollary.

For 1 � ` � n� 1, take i` 2 I` and j` 2 In so that i` + j + ` = 1. Then

1 = 1 � 1 � : : : � 1 = (i1 + j1) � (i2 + j2) � : : : � (in�1 + jn�1)

= i1i2 : : : in�1 + ( all other terms )

simply by multiplying out the n � 1 factors of the form i` + j`. All the terms inside the large parentheses
have a factor of j` for some `. Thus, each summand inside the large parentheses lies inside In. That is, the
expression inside the parentheses lies in In. And the �rst term certainly lies inside I1 � : : : In�1. This proves
what was necessary for the corollary to follow from the theorem. Done.

#28.240 Prove from �rst principles that for an ideal I in a ring R that

x � y if and only if x� y 2 I

is an equivalence relation.

#28.241 For ideals I; J in a commutative ring R, prove that the ideal I � J (consisting of all �nite sums of
products i � j with i 2 I and j 2 J) really is an ideal.

#28.242 Give an example to show that (for two ideals I; J in a commutative ring) without the condition
I + J = R it can be that I � J is strictly smaller than I \ J .
#28.243 Give an example of three ideals I; J;K in the ring R = Z so that I + J +K = R but so that it is
not true that I + J = R, nor I +K = R, nor J +K = R.

#28.244 Give an example of three ideals I; J;K in the ring R = Z and a; b; c 2 R so that the system of
three congruences

x � a mod I x � b mod J x � c mod K

has no solution.
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29. (*) The Hamiltonian Quaternions

Apart from rings of square matrices of a certain size, there is another very popular example of a non-
commutative ring, the Hamiltonian quaternions H. In fact, because it turns out that every non-zero
element has am multiplicative inverse, this H is called a division ring.

As a set, H is the set of `expressions'

a+ bi+ cj + dk

with a; b; c 2 R and where the i; j; k are `entities' satisfying such that

i2 = j2 = k2 = �1
ij = k ji = �k
jk = i kj = �i
ki = j ik = �j

and also
ri = ir rj = jr rk = kr

for any r 2 R.

Two quaterions a+ bi+ cj+ dk and a0+ b0i+ c0j+ d0k are equal if and only if a = a0, b = b0, c = c0, and
d = d0. In particular, a+ bi+ cj + dk = 0 only if a = b = c = d = 0.

(Yes, there are some nagging questions left open by this \de�nition': in particular, why are we to be
sure that there exist such things as these mythical i; j; k?)

The quaternion conjugate �� is de�ned in a manner similar to complex conjugates, namely, that

� = a+ bi+ cj + dk = a� bi� cj � dk

The norm of a quaternion � = a+ bi+ cj + dk is

N� = N(a+ bi+ cj + dk) = �alpha = a2 + b2 + c2 + d2

#29.245 Prove that the quaternion conjugation has the property that, for two quaternions �, �,

(��) = � � �

#29.246 Check that if a quaternion � is non-zero, then then the norm N� = �� is a non-zero real number.

#29.247 Prove that for two quaternions �, � we have the multiplicativity property

N(��) = N� �N�

#29.248 Show that H is a division ring, meaning that every non-zero quaternion has a multiplicative
inverse.

#29.249 (*) Note that i, j, and k are three di�erent square roots of �1 inside the quaternions. Find
in�nitely-many square roots of �1 inside the quaternions.
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30. More about rings

� Cancellation and zero divisors

� Idempotent and Nilpotent Elements

� Maximal ideals and �elds

� Prime ideals and integral domains

� Maximal ideals are prime

� Euclidean rings

� Principal ideal domains

30.1 Cancellation and zero divisors

The cancellation property is the very desirable and reasonable sounding property that, if c 6= 0, then
ca = cb implies a = b. This property is something which does hold in rings we are accustomed to, such as
the integers, rational numbers, real numbers, and complex numbers. But it does not hold in all commutative
rings, so we can't take it for granted.

If it does happen that ca = cb with c 6= 0 but a 6= b, then we rearrange the equation ca = cb to

0 = ca� cb = c(a� b)

Since a 6= b, a� b 6= 0. That is, the product c(a� b) is 0, but neither of the factors c; a� b is 0. Generally,
if x; y are two elements of some ring so that x 6= 0 and y 6= 0 but xy = 0, then we say that x and y are
zero-divisors.

To repeat: an element x of a commutative ring R is a zero-divisor if x itself is non-zero but there
is a non-zero element y in R so that xy = 0. A commutative ring is an integral domain if it has no
zero-divisors.

So the convention pointedly does not consider 0 a zero-divisor. Also, the fact that r � 0 = 0 for any r,
which looks like it means that any r divides 0, does not deter us from giving the de�nition the way it is!

A commutative ring with no zero-divisors is called an integral domain. The fundamental thing here
is:

Proposition: A commutative ring R has the cancellation property if and only if it is an integral domain.

Proof: Suppose that R has the cancellation property. And suppose that x � y = 0 for some x; y 2 R. Since
x � 0 = 0 for any x 2 R, we can rewrite this as

x � y = x � 0

If x 6= 0, we can apply the cancellation law, obtaining y = 0. Thus, xy = 0 implies either x = 0 or y = 0.
This is half of what we want.
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Suppose that R is an integral domain. And suppose that xy = xz. Then, `subtracting' xz from both
sides, we have xy � xz = 0, or x(y � z) = 0 by un-distributing. If x 6= 0, then y � z must be 0. Therefore,
for x 6= 0 the relation xy = xz implies y = z, which is the cancellation property. Done.

30.2 Idempotent and Nilpotent Elements

In some rings there are elements which do not behave at all like the \numbers" we are used to. These
phenomena can already be seen in the rings Z=n with n suitable composite numbers.

An element r of a commutative ring R is called idempotent if r2 = r.

For example, in any ring there is at least one idempotent element, namely 0. And if there is a unit 1 in
the ring, then certainly 1 is also an idempotent.

An element r of a commutative ring R is called nilpotent if for some integer n > 1 we have rn = 0.
Thus, usually 0 itself is not considered to be nilpotent.

30.3 Maximal ideals and �elds

For many purposes we are quite happy when some `batch' of numbers is a �eld, as opposed to something
trickier. For example, the quotients Z=p with p prime are simpler to deal with than Z=n with `highly
composite' numbers n. We only deal with commutative rings for this discussion.

Let R be a commutative ring with unit. An ideal M in R is maximal if there is no ideal strictly larger
than M (containing M) except R itself. Always any ring is an ideal in itself, and to be able to exclude this
silly case we say that an ideal other than the ring itself is a proper ideal.

Theorem: Let R be a commutative ring with unit and I an ideal. Then R=I is a �eld if and only if I is a
maximal ideal.

Proof: Let x + I be a non-zero element of R=I . Then x + I 6= I , so x 62 I . Note that the ideal Rx + I is
therefore strictly larger than I . Since I was already maximal, it must be that Rx+ I = R. Therefore, there
are r 2 R and i 2 I so that rx+ i = 1. Looking at this last equation modulo I , we have rx � 1 mod I . That
is, r + I is the multiplicative inverse to x+ I . Thus, R=I is a �eld.

On the other hand, suppose that R=I is a �eld. Let x 2 R but x 62 I . Then x + I 6= 0 + I in R=I .
Therefore, x+ I has a multiplicative inverse r + I in R=I . That is,

(r + I) � (x+ I) = 1 + I

From the de�nition of the multiplication in the quotient, this is rx+ I = 1+ I , or 1 2 rx+ I , which implies
that the ideal Rx+ I is R. But Rx+ I is the smallest ideal containing I and x. Thus, there cannot be any
proper ideal strictly larger than I , so I is maximal. Done.

30.4 Prime ideals and integral domains

In this section we only consider commutative rings. Just as there was a perfect correspondence between
�elds R=I and maximal ideals I , there is a perfect correspondence between integral domains and prime
ideals, de�ned below.
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An ideal I in a ring R is prime if xy 2 I implies that one or the other (or both) of x; y is in I .
It is at least intuitively clear (although not completely trivial) that for a prime number p in Z, the ideal

pZ of multiples of p is a prime ideal. And, conversely, if an integer n 6= 0 is not prime, then the ideal nZ in
Z is not prime.
Theorem: Let R be a commutative ring, and I an ideal. Then I is a prime ideal if and only if R=I is an
integral domain.

Proof: Let I be a prime ideal. Suppose that (x+ I) � (y+ I) = 0+ I in R=I , and that x+ I 6= 0+ I . Invoking
the de�nition of multiplication in the quotient, the �rst hypothesis gives xy+ I = I , so that xy 2 I . Yet, by
the second hypothesis, x 62 I . Therefore, by the prime-ness of I , y 2 I . That is, y + I = 0 + I , so y + I is
the zero in R=I . This proves that R=I is an integral domain.

On the other hand, suppose that R=I is an integral domain. Let x; y 2 R so that xy 2 I , but x 62 I .
Then x+ I 6= 0 + I . And xy 2 I implies that

(x+ I) � (y + I) = xy + I = I = 0 + I

Therefore, since R=I is an integral domain, and since x+ I 6= 0+ I , it must be that y + I = 0+ I . That is,
y 2 I , as desired. Done.

30.5 Maximal ideals are prime

The point of this section is to prove that in any commutative ring with 1 maximal ideals are prime
ideals. (The converse is not generally true).

Let M be a maximal ideal in a commutative ring R with a unit 1. Let's suppose that xy 2M but that
x 62M and prove that y 2M , thereby verifying the de�ning property of prime ideals.

If it were not the case that x 2M , then the set

N =M +R � x

would be strictlx larger than M , since it would contain M and also x = 0+ 1 � x. Let's check that this is an
ideal. Indeed, with m;m1;m2 2M and with r; ro; r1; r2 2 R we have

0R = 0 + 0 � x

�(m+ r � x) = (�m) + (�r) � x
(m1 + r1 � x) + (m2 + r2 � x) = (m1 +m2) + (r1 + r2) � x

r(m+ ro � x) = (rm) + (rro) � x
which veri�es the requisite properties of an ideal.

But since M was maximal, it must be that N is the whole ring R. That is, there are m 2M and r 2 R
so that

1 = m+ r � x
Then

y = y � 1 = y(m+ rx) = ym+ r(xy) 2 yM + rM �M +M �M

since xy 2 M and since M is an ideal. This proves that a maximal ideal in a commutative ring with 1 is a
prime ideal.
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30.6 Euclidean rings

Based on our two most important examples of rings with a Division Algorithm and therefore with a
Euclidean Algorithm, the ordinary integers and polynomials over a �eld, we abstract the crucial property
which makes this work. For the moment, the goal is to prove that Euclidean rings are principal ideal domains.
This is a stronger property than simply being a unique factorization domain: in the sequel we will prove
further that principal ideal domains have the Unique Factorization property.

Again, this whole line of argument applies to the ordinary integers as well, so we �nally will have proven
what we perhaps had been taking for granted all along, namely that the ordinary integers really do have
unique factorizations into primes. But we might be impatient with the proof for the ordinary integers, since
we tend to believe that it is true anyway.

An absolute value or norm on a commutative ring R is a function usually denoted jrj of elements
r 2 R having the properties

� Multiplicativity: For all r; s 2 R we have jrsj = jrj � jsj.

� Triangle inequality: For all r; s 2 R we have jr + sj � jrj+ jsj.

� Positivity: If jrj = 0 then r = 0.

If an absolute value on a ring R has the property that any non-empty subset S of R has an element of
least positive absolute value (among the collection of absolute values of elements of S), then we say the the
absolute value is discrete.

A commutative ring R is Euclidean if there is a discrete absolute value on it, denoted jrj, so that for
any x 2 R and for any 0 6= y 2 R there are q; r 2 R so that

x = yq + r with jrj < jyj

The idea is that we can divide and get a remainder strictly smaller than the divisor.

The hypothesis that the absolute value be discrete in the above sense is critical. Sometimes it is easy
to see that this requirement is ful�lled. For example, if j j is integer-valued, as is the case with the usual
absolute value on the ordinary integers, then the usual Well-Ordering Principle assures the `discreteness'.

The most important examples of Euclidean rings are the ordinary integers Z and any polynomial ring
k[x] where k is a �eld. The absolute value in Z is just the usual one, while we have to be a tiny bit creative
in the case of polynomials, and de�ne

jP (x)j = 2 degree P

And j0j = 0. Here the number 2 could be replaced by any other number bigger than 1, and the absolute
value obtained would work just as well.

� Let R be a Euclidean ring. For an ideal I in R other than f0g, let i be an element in I so that jij � ji0j
for any other i0 2 I . That is, jij gives the minimum value of the absolute value on the non-empty subset
I of R. Then I = R � i. And R is an integral domain.

We would paraphrase I = R � i by saying that I is generated by i. A commutative ring which is an
integral domain and in which every ideal is generated by a single element is a principal ideal domain.
The good properties of principal ideal domains will be considered in the next section. For now, all we want
to do is show that Euclidean rings are principal ideal domains.
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Proof: Again, the discreteness hypothesis assures that there is at least one i 2 I which takes the
minimum positive value among all values of the absolute value function on I . Let j be any other element of
I . Using the Euclidean-ness hypothesis, there are q; r 2 R with jrj < jij so that

j = qi+ r

Now
r = j � qi 2 I + q � I � I + I = I

since both i and j are in I and I is an ideal, so also the remainder r lies in the ideal I . But i is an element
of least positive absolute value, so it must be that jrj = 0. By the positivity of the absolute value, it must be
that r = 0. Then j = qi, so j is a multiple of i as asserted.

Finally, let's check that a Euclidean ring is an integral domain, meaning that it has no zero-divisors,
meaning that if xy = 0 then either x or y is 0. Well, if xy = 0 then

0 = j0j = jxyj = jxj � jyj

by the multiplicative property of the norm. Now jxj and jyj are non-negative real numbers, so for their
product to be 0 one or the other of jxj and jyj must be 0. And then by the positivity property of the norm
it must be that one of x; y themselves is 0, as claimed. Done.

A person might notice that we didn't use the triangle inequality at all in this proof. That is indeed
so, but in practice anything which is a reasonable candidate for an `absolute value' in the axiomatic sense
suggests itself mostly because it does behave like an absolute value in a more down-to-earth sense, which
includes a triangle inequality.

And a proof that a ring is Euclidean usually makes use of a triangle inequality anyway. But in any case
there is little point in trying to evade the triangle inequality.

30.7 Principal ideal domains

Now we prove that certain types of rings have unique factorization, from an assumption on the nature
of their ideals. This assumption holds for any Euclidean ring (this was proven in the last section), so holds
for the ordinary integers and for polynomials over a �eld.

Repeating the de�nition: a commutative ring R is a principal ideal domain if it is an integral domain
with a `1' and if every ideal I in R is of the form I = R � x for some element x of R. That is, all elements of
I are multiples of x. Very often principal ideal domains are referred to as PID's for the sake of brevity.

(More generally, in any commutative ring R, an ideal I which is of the form

Rx = fr � x : r 2 Rg

is called a principal ideal. The point is that it is generated by a single element. This is a handy property
for ideals to have, and it may be a surprise to learn that this property does not hold universally).

While one might think that it is the unique factorization property which is the crucial feature of the
integers Z, it turns out that the stronger principal ideal domain property is more representative of an accurate
intuition for the integers. (Not to mention the even stronger Euclidean property).

We have seen that Euclidean rings are PID's, so that when we prove (just below) that PID's are UFD's
then we will have shown that Euclidean rings are unique factorization domains.
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Rings which are not principal ideal domains are actually typical among rings, but a limited experience
usually makes it appear otherwise.

� A principal ideal domain is a unique factorization domain.

� An ideal R � x in a principal ideal domain is prime if and only if x is either 0 or is a prime element.

� For a prime element p in a principal ideal domain R, the ideal R � p is maximal.

Proof: Let r 6= 0 be an element of the ring R. We must prove that there exits a factorization into
primes, and that it is essentially unique, in the sense above.

We need to make explicit one more property of principal ideal domains: Suppose that our commutative
ring R has the property that, for any `ascending chain' of ideals

I1 � I2 � I3 � : : :

with containment as indicated, then for some large-enough index n it must be that

In = In+1 = In+2 = : : :

In words, this property is that R has no in�nite ascending chains of ideals. This property is called the
Noetherian property, and R is said to beNoetherian. (Emma Noether was the �rst person to systematically
investigate properties of such rings, in the early part of this century).

The �rst step in the proof is to show that principal ideal domains are Noetherian: The proof is not so
long, but is a little `abstract': it is just a little exercise to show that for a collection of ideals of the form

I1 � I2 � I3 � : : :

the union I =
S
i Ii is also an ideal. Then since R is a principal ideal domain there must be ro 2 R so that

I = R � ro. But this element must lie in some one of the ideals Ii, say Iio , since it lies in the union of them.
But then

I = R � ro � R � Iio � Io � I

so actually I = Io. That is, this ascending chain of ideals is actually �nite. This proves the Noetherian
property of principal ideal domains.

Next, let's prove that for a Noetherian commutative ring R, if r 2 R is non-zero and is a non-unit, then
some prime divides it. Suppose that no prime divides r and reach a contradiction, as follows. The element r
itself cannot be prime, or else it certainly has a prime divisor. Thus, it has a proper divisor r1. The element
r1 likewise cannot be prime, or r has a prime divisor, so r1 has a proper factor r2, and so on. Since ri+1 is
a proper divisor of ri, it is a little exercise to see that we have R � ri � R � ri+1 but R � ri 6= R � ri+1.

Then we get a sequence of ideals

R � r � R � r2 � R � r3 � : : :

in which R �ri 6= R �ri+1. But this would contradict the Noetherian property of R, so some prime must divide
any non-unit r. Thus we have proven that if r is a non-unit and is non-zero in a principal ideal domain R
then some prime divides it.

Now we nearly repeat the same argument to show that in a Noetherian integral domain R every non-zero
element has a prime factorization: Let r 2 R be non-zero. If r is a unit, then it is a little exercise to see that
no primes can divide r, and `r' itself is already a prime factorization, simply with no primes occurring.
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For a non-zero non-unit r, we know by the previous point that there is some prime p1 dividing r. If
r=p1 is a unit, then

r = (
r

p1
) � p1

is the desired prime factorization of r. Suppose r=p1 is not a unit. Then there is a prime p2 dividing r=p1.
If r=p1p2 is a unit, then we have our prime factorization, and we are done. If it is a non-unit, then a prime
p3 divides it, and so on.

If this process terminates, then we have our desired prime factorization. If not, then it is a little exercise
to see that we have a chain of ideals

R � r � R � r
p1

� R � r

p1p2
� : : :

And it is a little exercise, using the fact that R is an integral domain, to see that none of the ideals in
this chain could be equal to each other. But we would then have an in�nite ascending chain of ideals,
contradicting the Noetherian property. Thus, we have proven that in a Noetherian integral domain every
non-zero element has a factorization into prime elements.

Next, let's show that if p is a prime element in a principal ideal domain then the ideal I = R�p `generated
by' p is a maximal ideal. If not, then there would be another ideal, call it J , so that J 6= R, J 6 I , but I � J .
In particular, there would be x 2 J with x 62 I . Then

J 0 = R � x+ I

is an ideal still strictly larger than I but, being contained in J , strictly smaller than the whole ring R. Since
R is a principal ideal domain, there is a generator g for the ideal J 0. That is, J 0 = R � g. That is, p is a
multiple of g. Therefore, since p is prime, g is either a unit or is associate to p.

If g is a unit, then
J 0 � J 0 � g�1 = R � g � g�1 = R � 1 = R

contradicting the fact that J 0 is not the whole ring. Therefore, g must be associate to p, that is, there is a
unit u so that g = up. But then

I � I � u = R � pu = R � g = J 0

contradiction.

Therefore, since assuming I = R � p is non-maximal leads to a contradiction, R� is maximal.
As a corollary of the previous assertion, we have the essential property of prime elements in a principal

ideal domain: Let p be a prime elementin a principal ideal domain R. Then the ideal R � p is a prime ideal.
That is, For x; y 2 R, if pjxy then either pjx or pjy. Indeed, we just showed that R � p is a maximal ideal,
and we had earlier shown that in a commutative ring with unit any maximal ideal is a prime ideal, so we
have the result.

Now we prove uniqueness of the prime factorization in a principal ideal domain

Suppose that we have two factorizations

up1 : : : pm = r = vq1 : : : qn

in a principal ideal domain R where the pi and qj are primes and the u; v are units. The claim is that m = n
and that if we renumber the qj 's then pi and qi are associate.

Indeed, by the property of primes in a principal ideal domain just proven (and a little induction), p1
must divide one of the factors v; q1; : : : ; qn on the right hand side. It can't divide the unit v (as one can
readily check!), and since the qj are primes whichever one of them it divides must actually be associate to
it. Thus, we can divide both sides by p1.
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Then the same reasoning shows that p2 must divide one of the remaining qj 's, so must be associate to
it.

It is clear that we can continue in such fashion, using the property of prime elements just proven, to
cancel all the factors pi, although the numbering of the qj 's certainly might not match, and the qj 's might
also di�er by units from the corresponding pi's. When all the pi's are cancelled, there can't be any qj 's left,
or they would supposedly divide the unit u, which is impossible. (This is an easy little exercise).

Thus, in the slightly quali�ed sense we've indicated, we have the unique factorization property. Done.

#30.250 Find 4 zero-divisors in the ring Z=15.

#30.251 Find 6 nilpotent elements in the ring Z=16.

#30.252 Show by example that the cancellation law does not hold in Z=15.

#30.253 Show that in the ring Z=n with n a composite (that is, not prime) number, the so-called cancellation
law fails: that is, for such n, �nd (non-zero) elements a; b; c 2 Z=n so that ca = cb but a 6= b.

#30.254 Show that there are no non-zero nilpotent elements in the ring Z=15.

#30.255 Show that even though the image f(1R) of the multiplicative identity 1R of a ring R under a ring
homomorphism f : R! S may not be 1S , it is still true that f(1R) is an idempotent.

#30.256 In Z=35, in addition to the idempotents 0; 1 �nd two other idempotents. (This illustrates the fact
that the equation x2 = x may have some very unobvious solutions in rings which behave funnily!)

#30.257 Find 8 = 2 � 2 � 2 distinct idempotents modulo 5 � 7 � 11.
#30.258 Find all the nilpotent elements in Z=24.

#30.259 Find all the nilpotent elements in Z=125.

#30.260 Show that for a prime p, the only zero-divisors in Z=pn are actually nilpotents.

#30.261 Find and describe all the nilpotent elements in Z=pn where p is prime and 1 < n.

#30.262 Show that if n is not divisible by p2 for any prime p, then Z=n has no nilpotent elements.

#30.263 Show that if N is not simply a power of a prime, then there are zero-divisors in Z=N which are
not nilpotent.

#30.264 Show that there cannot be a �eld with just 6 elements in it.

#30.265 Show that there cannot be a �eld with just 10 elements in it.

#30.266 Show that if an integer n is divisible by two distinct primes p; q, then there is no �eld with n
elements.

#30.267 Let R be an integral domain with unit 1, and suppose that Rx = Ry for two elements x; y of R.
Show that there is a unit u 2 R� so that y = ux.

#30.268 Suppose that in an integral domain R we have xy = z where neither x nor y is a unit. Show that
Rz � Rx but Rz 6= Rx.
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31. Tables

� Prime factorizations of numbers under 600

� Prime numbers under 10,000

� Primitive roots for primes under 100

31.1 Prime factorizations of numbers under 600

2 = 2 3 = 3 4 = 2.2 5 = 5
6 = 2.3 7 = 7 8 = 2.2.2 9 = 3.3
10 = 2.5 11 = 11 12 = 2.2.3 13 = 13
14 = 2.7 15 = 3.5 16 = 2.2.2.2 17 = 17
18 = 2.3.3 19 = 19 20 = 2.2.5 21 = 3.7
22 = 2.11 23 = 23 24 = 2.2.2.3 25 = 5.5
26 = 2.13 27 = 3.3.3 28 = 2.2.7 29 = 29
30 = 2.3.5 31 = 31 32 = 2.2.2.2.2 33 = 3.11
34 = 2.17 35 = 5.7 36 = 2.2.3.3 37 = 37
38 = 2.19 39 = 3.13 40 = 2.2.2.5 41 = 41
42 = 2.3.7 43 = 43 44 = 2.2.11 45 = 3.3.5
46 = 2.23 47 = 47 48 = 2.2.2.2.3 49 = 7.7
50 = 2.5.5 51 = 3.17 52 = 2.2.13 53 = 53
54 = 2.3.3.3 55 = 5.11 56 = 2.2.2.7 57 = 3.19
58 = 2.29 59 = 59 60 = 2.2.3.5 61 = 61
62 = 2.31 63 = 3.3.7 64 = 2.2.2.2.2.2 65 = 5.13
66 = 2.3.11 67 = 67 68 = 2.2.17 69 = 3.23
70 = 2.5.7 71 = 71 72 = 2.2.2.3.3 73 = 73
74 = 2.37 75 = 3.5.5 76 = 2.2.19 77 = 7.11
78 = 2.3.13 79 = 79 80 = 2.2.2.2.5 81 = 3.3.3.3
82 = 2.41 83 = 83 84 = 2.2.3.7 85 = 5.17
86 = 2.43 87 = 3.29 88 = 2.2.2.11 89 = 89
90 = 2.3.3.5 91 = 7.13 92 = 2.2.23 93 = 3.31
94 = 2.47 95 = 5.19 96 = 2.2.2.2.2.3 97 = 97
98 = 2.7.7 99 = 3.3.11 100 = 2.2.5.5 101 = 101
102 = 2.3.17 103 = 103 104 = 2.2.2.13 105 = 3.5.7
106 = 2.53 107 = 107 108 = 2.2.3.3.3 109 = 109
110 = 2.5.11 111 = 3.37 112 = 2.2.2.2.7 113 = 113
114 = 2.3.19 115 = 5.23 116 = 2.2.29 117 = 3.3.13
118 = 2.59 119 = 7.17 120 = 2.2.2.3.5 121 = 11.11
122 = 2.61 123 = 3.41 124 = 2.2.31 125 = 5.5.5
126 = 2.3.3.7 127 = 127 128 = 2.2.2.2.2.2.2 129 = 3.43
130 = 2.5.13 131 = 131 132 = 2.2.3.11 133 = 7.19
134 = 2.67 135 = 3.3.3.5 136 = 2.2.2.17 137 = 137
138 = 2.3.23 139 = 139 140 = 2.2.5.7 141 = 3.47
142 = 2.71 143 = 11.13 144 = 2.2.2.2.3.3 145 = 5.29
146 = 2.73 147 = 3.7.7 148 = 2.2.37 149 = 149
150 = 2.3.5.5 151 = 151 152 = 2.2.2.19 153 = 3.3.17
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154 = 2.7.11 155 = 5.31 156 = 2.2.3.13 157 = 157
158 = 2.79 159 = 3.53 160 = 2.2.2.2.2.5 161 = 7.23
162 = 2.3.3.3.3 163 = 163 164 = 2.2.41 165 = 3.5.11
166 = 2.83 167 = 167 168 = 2.2.2.3.7 169 = 13.13
170 = 2.5.17 171 = 3.3.19 172 = 2.2.43 173 = 173
174 = 2.3.29 175 = 5.5.7 176 = 2.2.2.2.11 177 = 3.59
178 = 2.89 179 = 179 180 = 2.2.3.3.5 181 = 181
182 = 2.7.13 183 = 3.61 184 = 2.2.2.23 185 = 5.37
186 = 2.3.31 187 = 11.17 188 = 2.2.47 189 = 3.3.3.7
190 = 2.5.19 191 = 191 192 = 2.2.2.2.2.2.3 193 = 193
194 = 2.97 195 = 3.5.13 196 = 2.2.7.7 197 = 197
198 = 2.3.3.11 199 = 199 200 = 2.2.2.5.5 201 = 3.67
202 = 2.101 203 = 7.29 204 = 2.2.3.17 205 = 5.41
206 = 2.103 207 = 3.3.23 208 = 2.2.2.2.13 209 = 11.19
210 = 2.3.5.7 211 = 211 212 = 2.2.53 213 = 3.71
214 = 2.107 215 = 5.43 216 = 2.2.2.3.3.3 217 = 7.31
218 = 2.109 219 = 3.73 220 = 2.2.5.11 221 = 13.17
222 = 2.3.37 223 = 223 224 = 2.2.2.2.2.7 225 = 3.3.5.5
226 = 2.113 227 = 227 228 = 2.2.3.19 229 = 229
230 = 2.5.23 231 = 3.7.11 232 = 2.2.2.29 233 = 233
234 = 2.3.3.13 235 = 5.47 236 = 2.2.59 237 = 3.79
238 = 2.7.17 239 = 239 240 = 2.2.2.2.3.5 241 = 241
242 = 2.11.11 243 = 3.3.3.3.3 244 = 2.2.61 245 = 5.7.7
246 = 2.3.41 247 = 13.19 248 = 2.2.2.31 249 = 3.83
250 = 2.5.5.5 251 = 251 252 = 2.2.3.3.7 253 = 11.23
254 = 2.127 255 = 3.5.17 256 = 2.2.2.2.2.2.2.2 257 = 257
258 = 2.3.43 259 = 7.37 260 = 2.2.5.13 261 = 3.3.29
262 = 2.131 263 = 263 264 = 2.2.2.3.11 265 = 5.53
266 = 2.7.19 267 = 3.89 268 = 2.2.67 269 = 269
270 = 2.3.3.3.5 271 = 271 272 = 2.2.2.2.17 273 = 3.7.13
274 = 2.137 275 = 5.5.11 276 = 2.2.3.23 277 = 277
278 = 2.139 279 = 3.3.31 280 = 2.2.2.5.7 281 = 281
282 = 2.3.47 283 = 283 284 = 2.2.71 285 = 3.5.19
286 = 2.11.13 287 = 7.41 288 = 2.2.2.2.2.3.3 289 = 17.17
290 = 2.5.29 291 = 3.97 292 = 2.2.73 293 = 293
294 = 2.3.7.7 295 = 5.59 296 = 2.2.2.37 297 = 3.3.3.11
298 = 2.149 299 = 13.23 300 = 2.2.3.5.5 301 = 7.43
302 = 2.151 303 = 3.101 304 = 2.2.2.2.19 305 = 5.61
306 = 2.3.3.17 307 = 307 308 = 2.2.7.11 309 = 3.103
310 = 2.5.31 311 = 311 312 = 2.2.2.3.13 313 = 313
314 = 2.157 315 = 3.3.5.7 316 = 2.2.79 317 = 317
318 = 2.3.53 319 = 11.29 320 = 2.2.2.2.2.2.5 321 = 3.107
322 = 2.7.23 323 = 17.19 324 = 2.2.3.3.3.3 325 = 5.5.13
326 = 2.163 327 = 3.109 328 = 2.2.2.41 329 = 7.47
330 = 2.3.5.11 331 = 331 332 = 2.2.83 333 = 3.3.37
334 = 2.167 335 = 5.67 336 = 2.2.2.2.3.7 337 = 337
338 = 2.13.13 339 = 3.113 340 = 2.2.5.17 341 = 11.31
342 = 2.3.3.19 343 = 7.7.7 344 = 2.2.2.43 345 = 3.5.23
346 = 2.173 347 = 347 348 = 2.2.3.29 349 = 349
350 = 2.5.5.7 351 = 3.3.3.13 352 = 2.2.2.2.2.11 353 = 353
354 = 2.3.59 355 = 5.71 356 = 2.2.89 357 = 3.7.17
358 = 2.179 359 = 359 360 = 2.2.2.3.3.5 361 = 19.19
362 = 2.181 363 = 3.11.11 364 = 2.2.7.13 365 = 5.73
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366 = 2.3.61 367 = 367 368 = 2.2.2.2.23 369 = 3.3.41
370 = 2.5.37 371 = 7.53 372 = 2.2.3.31 373 = 373
374 = 2.11.17 375 = 3.5.5.5 376 = 2.2.2.47 377 = 13.29
378 = 2.3.3.3.7 379 = 379 380 = 2.2.5.19 381 = 3.127
382 = 2.191 383 = 383 384 = 2.2.2.2.2.2.2.3 385 = 5.7.11
386 = 2.193 387 = 3.3.43 388 = 2.2.97 389 = 389
390 = 2.3.5.13 391 = 17.23 392 = 2.2.2.7.7 393 = 3.131
394 = 2.197 395 = 5.79 396 = 2.2.3.3.11 397 = 397
398 = 2.199 399 = 3.7.19 400 = 2.2.2.2.5.5 401 = 401
402 = 2.3.67 403 = 13.31 404 = 2.2.101 405 = 3.3.3.3.5
406 = 2.7.29 407 = 11.37 408 = 2.2.2.3.17 409 = 409
410 = 2.5.41 411 = 3.137 412 = 2.2.103 413 = 7.59
414 = 2.3.3.23 415 = 5.83 416 = 2.2.2.2.2.13 417 = 3.139
418 = 2.11.19 419 = 419 420 = 2.2.3.5.7 421 = 421
422 = 2.211 423 = 3.3.47 424 = 2.2.2.53 425 = 5.5.17
426 = 2.3.71 427 = 7.61 428 = 2.2.107 429 = 3.11.13
430 = 2.5.43 431 = 431 432 = 2.2.2.2.3.3.3 433 = 433
434 = 2.7.31 435 = 3.5.29 436 = 2.2.109 437 = 19.23
438 = 2.3.73 439 = 439 440 = 2.2.2.5.11 441 = 3.3.7.7
442 = 2.13.17 443 = 443 444 = 2.2.3.37 445 = 5.89
446 = 2.223 447 = 3.149 448 = 2.2.2.2.2.2.7 449 = 449
450 = 2.3.3.5.5 451 = 11.41 452 = 2.2.113 453 = 3.151
454 = 2.227 455 = 5.7.13 456 = 2.2.2.3.19 457 = 457
458 = 2.229 459 = 3.3.3.17 460 = 2.2.5.23 461 = 461
462 = 2.3.7.11 463 = 463 464 = 2.2.2.2.29 465 = 3.5.31
466 = 2.233 467 = 467 468 = 2.2.3.3.13 469 = 7.67
470 = 2.5.47 471 = 3.157 472 = 2.2.2.59 473 = 11.43
474 = 2.3.79 475 = 5.5.19 476 = 2.2.7.17 477 = 3.3.53
478 = 2.239 479 = 479 480 = 2.2.2.2.2.3.5 481 = 13.37
482 = 2.241 483 = 3.7.23 484 = 2.2.11.11 485 = 5.97
486 = 2.3.3.3.3.3 487 = 487 488 = 2.2.2.61 489 = 3.163
490 = 2.5.7.7 491 = 491 492 = 2.2.3.41 493 = 17.29
494 = 2.13.19 495 = 3.3.5.11 496 = 2.2.2.2.31 497 = 7.71
498 = 2.3.83 499 = 499 500 = 2.2.5.5.5 501 = 3.167
502 = 2.251 503 = 503 504 = 2.2.2.3.3.7 505 = 5.101
506 = 2.11.23 507 = 3.13.13 508 = 2.2.127 509 = 509
510 = 2.3.5.17 511 = 7.73 512 = 2.2.2.2.2.2.2.2.2 513 = 3.3.3.19
514 = 2.257 515 = 5.103 516 = 2.2.3.43 517 = 11.47
518 = 2.7.37 519 = 3.173 520 = 2.2.2.5.13 521 = 521
522 = 2.3.3.29 523 = 523 524 = 2.2.131 525 = 3.5.5.7
526 = 2.263 527 = 17.31 528 = 2.2.2.2.3.11 529 = 23.23
530 = 2.5.53 531 = 3.3.59 532 = 2.2.7.19 533 = 13.41
534 = 2.3.89 535 = 5.107 536 = 2.2.2.67 537 = 3.179
538 = 2.269 539 = 7.7.11 540 = 2.2.3.3.3.5 541 = 541
542 = 2.271 543 = 3.181 544 = 2.2.2.2.2.17 545 = 5.109
546 = 2.3.7.13 547 = 547 548 = 2.2.137 549 = 3.3.61
550 = 2.5.5.11 551 = 19.29 552 = 2.2.2.3.23 553 = 7.79
554 = 2.277 555 = 3.5.37 556 = 2.2.139 557 = 557
558 = 2.3.3.31 559 = 13.43 560 = 2.2.2.2.5.7 561 = 3.11.17
562 = 2.281 563 = 563 564 = 2.2.3.47 565 = 5.113
566 = 2.283 567 = 3.3.3.3.7 568 = 2.2.2.71 569 = 569
570 = 2.3.5.19 571 = 571 572 = 2.2.11.13 573 = 3.191
574 = 2.7.41 575 = 5.5.23 576 = 2.2.2.2.2.2.3.3 577 = 577
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578 = 2.17.17 579 = 3.193 580 = 2.2.5.29 581 = 7.83
582 = 2.3.97 583 = 11.53 584 = 2.2.2.73 585 = 3.3.5.13
586 = 2.293 587 = 587 588 = 2.2.3.7.7 589 = 19.31
590 = 2.5.59 591 = 3.197 592 = 2.2.2.2.37 593 = 593
594 = 2.3.3.3.11 595 = 5.7.17 596 = 2.2.149 597 = 3.199
598 = 2.13.23 599 = 599 600 = 2.2.2.3.5.5 601 = 601

31.2 Prime numbers under 10,000

3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101, 103, 107, 109,
113, 127, 131, 137, 139, 149, 151, 157, 163, 167, 173, 179, 181, 191, 193, 197, 199, 211, 223, 227, 229, 233,
239, 241, 251, 257, 263, 269, 271, 277, 281, 283, 293, 307, 311, 313, 317, 331, 337, 347, 349, 353, 359, 367,
373, 379, 383, 389, 397, 401, 409, 419, 421, 431, 433, 439, 443, 449, 457, 461, 463, 467, 479, 487, 491, 499,
503, 509, 521, 523, 541, 547, 557, 563, 569, 571, 577, 587, 593, 599, 601, 607, 613, 617, 619, 631, 641, 643,
647, 653, 659, 661, 673, 677, 683, 691, 701, 709, 719, 727, 733, 739, 743, 751, 757, 761, 769, 773, 787, 797,
809, 811, 821, 823, 827, 829, 839, 853, 857, 859, 863, 877, 881, 883, 887, 907, 911, 919, 929, 937, 941, 947,
953, 967, 971, 977, 983, 991, 997, 1009, 1013, 1019, 1021, 1031, 1033, 1039, 1049, 1051, 1061, 1063, 1069,
1087, 1091, 1093, 1097, 1103, 1109, 1117, 1123, 1129, 1151, 1153, 1163, 1171, 1181, 1187, 1193, 1201, 1213,
1217, 1223, 1229, 1231, 1237, 1249, 1259, 1277, 1279, 1283, 1289, 1291, 1297, 1301, 1303, 1307, 1319, 1321,
1327, 1361, 1367, 1373, 1381, 1399, 1409, 1423, 1427, 1429, 1433, 1439, 1447, 1451, 1453, 1459, 1471, 1481,
1483, 1487, 1489, 1493, 1499, 1511, 1523, 1531, 1543, 1549, 1553, 1559, 1567, 1571, 1579, 1583, 1597, 1601,
1607, 1609, 1613, 1619, 1621, 1627, 1637, 1657, 1663, 1667, 1669, 1693, 1697, 1699, 1709, 1721, 1723, 1733,
1741, 1747, 1753, 1759, 1777, 1783, 1787, 1789, 1801, 1811, 1823, 1831, 1847, 1861, 1867, 1871, 1873, 1877,
1879, 1889, 1901, 1907, 1913, 1931, 1933, 1949, 1951, 1973, 1979, 1987, 1993, 1997, 1999, 2003, 2011, 2017,
2027, 2029, 2039, 2053, 2063, 2069, 2081, 2083, 2087, 2089, 2099, 2111, 2113, 2129, 2131, 2137, 2141, 2143,
2153, 2161, 2179, 2203, 2207, 2213, 2221, 2237, 2239, 2243, 2251, 2267, 2269, 2273, 2281, 2287, 2293, 2297,
2309, 2311, 2333, 2339, 2341, 2347, 2351, 2357, 2371, 2377, 2381, 2383, 2389, 2393, 2399, 2411, 2417, 2423,
2437, 2441, 2447, 2459, 2467, 2473, 2477, 2503, 2521, 2531, 2539, 2543, 2549, 2551, 2557, 2579, 2591, 2593,
2609, 2617, 2621, 2633, 2647, 2657, 2659, 2663, 2671, 2677, 2683, 2687, 2689, 2693, 2699, 2707, 2711, 2713,
2719, 2729, 2731, 2741, 2749, 2753, 2767, 2777, 2789, 2791, 2797, 2801, 2803, 2819, 2833, 2837, 2843, 2851,
2857, 2861, 2879, 2887, 2897, 2903, 2909, 2917, 2927, 2939, 2953, 2957, 2963, 2969, 2971, 2999, 3001, 3011,
3019, 3023, 3037, 3041, 3049, 3061, 3067, 3079, 3083, 3089, 3109, 3119, 3121, 3137, 3163, 3167, 3169, 3181,
3187, 3191, 3203, 3209, 3217, 3221, 3229, 3251, 3253, 3257, 3259, 3271, 3299, 3301, 3307, 3313, 3319, 3323,
3329, 3331, 3343, 3347, 3359, 3361, 3371, 3373, 3389, 3391, 3407, 3413, 3433, 3449, 3457, 3461, 3463, 3467,
3469, 3491, 3499, 3511, 3517, 3527, 3529, 3533, 3539, 3541, 3547, 3557, 3559, 3571, 3581, 3583, 3593, 3607,
3613, 3617, 3623, 3631, 3637, 3643, 3659, 3671, 3673, 3677, 3691, 3697, 3701, 3709, 3719, 3727, 3733, 3739,
3761, 3767, 3769, 3779, 3793, 3797, 3803, 3821, 3823, 3833, 3847, 3851, 3853, 3863, 3877, 3881, 3889, 3907,
3911, 3917, 3919, 3923, 3929, 3931, 3943, 3947, 3967, 3989, 4001, 4003, 4007, 4013, 4019, 4021, 4027, 4049,
4051, 4057, 4073, 4079, 4091, 4093, 4099, 4111, 4127, 4129, 4133, 4139, 4153, 4157, 4159, 4177, 4201, 4211,
4217, 4219, 4229, 4231, 4241, 4243, 4253, 4259, 4261, 4271, 4273, 4283, 4289, 4297, 4327, 4337, 4339, 4349,
4357, 4363, 4373, 4391, 4397, 4409, 4421, 4423, 4441, 4447, 4451, 4457, 4463, 4481, 4483, 4493, 4507, 4513,
4517, 4519, 4523, 4547, 4549, 4561, 4567, 4583, 4591, 4597, 4603, 4621, 4637, 4639, 4643, 4649, 4651, 4657,
4663, 4673, 4679, 4691, 4703, 4721, 4723, 4729, 4733, 4751, 4759, 4783, 4787, 4789, 4793, 4799, 4801, 4813,
4817, 4831, 4861, 4871, 4877, 4889, 4903, 4909, 4919, 4931, 4933, 4937, 4943, 4951, 4957, 4967, 4969, 4973,
4987, 4993, 4999, 5003, 5009, 5011, 5021, 5023, 5039, 5051, 5059, 5077, 5081, 5087, 5099, 5101, 5107, 5113,
5119, 5147, 5153, 5167, 5171, 5179, 5189, 5197, 5209, 5227, 5231, 5233, 5237, 5261, 5273, 5279, 5281, 5297,
5303, 5309, 5323, 5333, 5347, 5351, 5381, 5387, 5393, 5399, 5407, 5413, 5417, 5419, 5431, 5437, 5441, 5443,
5449, 5471, 5477, 5479, 5483, 5501, 5503, 5507, 5519, 5521, 5527, 5531, 5557, 5563, 5569, 5573, 5581, 5591,
5623, 5639, 5641, 5647, 5651, 5653, 5657, 5659, 5669, 5683, 5689, 5693, 5701, 5711, 5717, 5737, 5741, 5743,
5749, 5779, 5783, 5791, 5801, 5807, 5813, 5821, 5827, 5839, 5843, 5849, 5851, 5857, 5861, 5867, 5869, 5879,
5881, 5897, 5903, 5923, 5927, 5939, 5953, 5981, 5987, 6007, 6011, 6029, 6037, 6043, 6047, 6053, 6067, 6073,
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6079, 6089, 6091, 6101, 6113, 6121, 6131, 6133, 6143, 6151, 6163, 6173, 6197, 6199, 6203, 6211, 6217, 6221,
6229, 6247, 6257, 6263, 6269, 6271, 6277, 6287, 6299, 6301, 6311, 6317, 6323, 6329, 6337, 6343, 6353, 6359,
6361, 6367, 6373, 6379, 6389, 6397, 6421, 6427, 6449, 6451, 6469, 6473, 6481, 6491, 6521, 6529, 6547, 6551,
6553, 6563, 6569, 6571, 6577, 6581, 6599, 6607, 6619, 6637, 6653, 6659, 6661, 6673, 6679, 6689, 6691, 6701,
6703, 6709, 6719, 6733, 6737, 6761, 6763, 6779, 6781, 6791, 6793, 6803, 6823, 6827, 6829, 6833, 6841, 6857,
6863, 6869, 6871, 6883, 6899, 6907, 6911, 6917, 6947, 6949, 6959, 6961, 6967, 6971, 6977, 6983, 6991, 6997,
7001, 7013, 7019, 7027, 7039, 7043, 7057, 7069, 7079, 7103, 7109, 7121, 7127, 7129, 7151, 7159, 7177, 7187,
7193, 7207, 7211, 7213, 7219, 7229, 7237, 7243, 7247, 7253, 7283, 7297, 7307, 7309, 7321, 7331, 7333, 7349,
7351, 7369, 7393, 7411, 7417, 7433, 7451, 7457, 7459, 7477, 7481, 7487, 7489, 7499, 7507, 7517, 7523, 7529,
7537, 7541, 7547, 7549, 7559, 7561, 7573, 7577, 7583, 7589, 7591, 7603, 7607, 7621, 7639, 7643, 7649, 7669,
7673, 7681, 7687, 7691, 7699, 7703, 7717, 7723, 7727, 7741, 7753, 7757, 7759, 7789, 7793, 7817, 7823, 7829,
7841, 7853, 7867, 7873, 7877, 7879, 7883, 7901, 7907, 7919, 7927, 7933, 7937, 7949, 7951, 7963, 7993, 8009,
8011, 8017, 8039, 8053, 8059, 8069, 8081, 8087, 8089, 8093, 8101, 8111, 8117, 8123, 8147, 8161, 8167, 8171,
8179, 8191, 8209, 8219, 8221, 8231, 8233, 8237, 8243, 8263, 8269, 8273, 8287, 8291, 8293, 8297, 8311, 8317,
8329, 8353, 8363, 8369, 8377, 8387, 8389, 8419, 8423, 8429, 8431, 8443, 8447, 8461, 8467, 8501, 8513, 8521,
8527, 8537, 8539, 8543, 8563, 8573, 8581, 8597, 8599, 8609, 8623, 8627, 8629, 8641, 8647, 8663, 8669, 8677,
8681, 8689, 8693, 8699, 8707, 8713, 8719, 8731, 8737, 8741, 8747, 8753, 8761, 8779, 8783, 8803, 8807, 8819,
8821, 8831, 8837, 8839, 8849, 8861, 8863, 8867, 8887, 8893, 8923, 8929, 8933, 8941, 8951, 8963, 8969, 8971,
8999, 9001, 9007, 9011, 9013, 9029, 9041, 9043, 9049, 9059, 9067, 9091, 9103, 9109, 9127, 9133, 9137, 9151,
9157, 9161, 9173, 9181, 9187, 9199, 9203, 9209, 9221, 9227, 9239, 9241, 9257, 9277, 9281, 9283, 9293, 9311,
9319, 9323, 9337, 9341, 9343, 9349, 9371, 9377, 9391, 9397, 9403, 9413, 9419, 9421, 9431, 9433, 9437, 9439,
9461, 9463, 9467, 9473, 9479, 9491, 9497, 9511, 9521, 9533, 9539, 9547, 9551, 9587, 9601, 9613, 9619, 9623,
9629, 9631, 9643, 9649, 9661, 9677, 9679, 9689, 9697, 9719, 9721, 9733, 9739, 9743, 9749, 9767, 9769, 9781,
9787, 9791, 9803, 9811, 9817, 9829, 9833, 9839, 9851, 9857, 9859, 9871, 9883, 9887, 9901, 9907, 9923, 9929,
9931, 9941, 9949, 9967, 9973.

31.3 Primitive roots for primes under 100

3 has primitive roots 2.

5 has primitive roots 2, 3.

7 has primitive roots 3, 5.

11 has primitive roots 2, 6, 7, 8.

13 has primitive roots 2, 6, 7, 11.

17 has primitive roots 3, 5, 6, 7, 10, 11, 12, 14.

19 has primitive roots 2, 3, 10, 13, 14, 15.

23 has primitive roots 5, 7, 10, 11, 14, 15, 17, 19, 20, 21.

29 has primitive roots 2, 3, 8, 10, 11, 14, 15, 18, 19, 21, 26, 27.

31 has primitive roots 3, 11, 12, 13, 17, 21, 22, 24.

37 has primitive roots 2, 5, 13, 15, 17, 18, 19, 20, 22, 24, 32, 35.

41 has primitive roots 6, 7, 11, 12, 13, 15, 17, 19, 22, 24, 26, 28, 29, 30, 34, 35.

43 has primitive roots 3, 5, 12, 18, 19, 20, 26, 28, 29, 30, 33, 34.

47 has primitive roots 5, 10, 11, 13, 15, 19, 20, 22, 23, 26, 29, 30, 31, 33, 35, 38, 39, 40, 41, 43, 44, 45.
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53 has primitive roots 2, 3, 5, 8, 12, 14, 18, 19, 20, 21, 22, 26, 27, 31, 32, 33, 34, 35, 39, 41, 45, 48, 50,
51.

59 has primitive roots 2, 6, 8, 10, 11, 13, 14, 18, 23, 24, 30, 31, 32, 33, 34, 37, 38, 39, 40, 42, 43, 44, 47,
50, 52, 54, 55, 56.

61 has primitive roots 2, 6, 7, 10, 17, 18, 26, 30, 31, 35, 43, 44, 51, 54, 55, 59.

67 has primitive roots 2, 7, 11, 12, 13, 18, 20, 28, 31, 32, 34, 41, 44, 46, 48, 50, 51, 57, 61, 63.

71 has primitive roots 7, 11, 13, 21, 22, 28, 31, 33, 35, 42, 44, 47, 52, 53, 55, 56, 59, 61, 62, 63, 65, 67,
68, 69.

73 has primitive roots 5, 11, 13, 14, 15, 20, 26, 28, 29, 31, 33, 34, 39, 40, 42, 44, 45, 47, 53, 58, 59, 60,
62, 68.

79 has primitive roots 3, 6, 7, 28, 29, 30, 34, 35, 37, 39, 43, 47, 48, 53, 54, 59, 60, 63, 66, 68, 70, 74, 75,
77.

83 has primitive roots 2, 5, 6, 8, 13, 14, 15, 18, 19, 20, 22, 24, 32, 34, 35, 39, 42, 43, 45, 46, 47, 50, 52,
53, 54, 55, 56, 57, 58, 60, 62, 66, 67, 71, 72, 73, 74, 76, 79, 80.

89 has primitive roots 3, 6, 7, 13, 14, 15, 19, 23, 24, 26, 27, 28, 29, 30, 31, 33, 35, 38, 41, 43, 46, 48, 51,
54, 56, 58, 59, 60, 61, 62, 63, 65, 66, 70, 74, 75, 76, 82, 83, 86.

97 has primitive roots 5, 7, 10, 13, 14, 15, 17, 21, 23, 26, 29, 37, 38, 39, 40, 41, 56, 57, 58, 59, 60, 68,
71, 74, 76, 80, 82, 83, 84, 87, 90, 92
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